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SUMMARY 
Appl ica t ion of f i n i t e element a n a l y s i s to problems in continuum 
mechanics i s a r e l a t i v e l y recent r e sea rch a r e a . The study presented here 
summarizes t h i s area and the d e t a i l e d mathematical and numerical a n a l y s i s 
involved in the f i n i t e element method. More s p e c i f i c a l l y , genera l mathe­
mat ica l schemes are developed for f i e l d problems t h a t can be expressed 
in terms of s e l ec t ed e l l i p t i c and pa rabo l i c second order p a r t i a l d i f f e r ­
e n t i a l equa t i ons . In these formulat ions c e r t a i n v a r i a t i o n a l p r i n c i p l e s 
are used to a r r i v e a t the i n t e g r a l f i n i t e element e q u a t i o n s . This i s a 
customary approach for most of the s t ud i e s in t h i s f i e l d . Also the use 
of G a l e r k i n ' s method i s introduced to develop s i m i l a r i n t e g r a l f i n i t e 
element equat ions for p a r t i a l d i f f e r e n t i a l equat ions which do not have 
exact v a r i a t i o n a l forms. Th i s , of cour se , extends the use of f i n i t e 
element analyses t o f i e l d problems which cannot be expressed in terms of 
exact v a r i a t i o n a l forms. 
A computer program i s developed which solves the s e l e c t e d p a r t i a l 
d i f f e r e n t i a l equat ions in c a r t e s i a n and c y l i n d r i c a l c o o r d i n a t e s . Solu­
t i o n s to twelve t r a n s p o r t mechanics problems are presented t o i l l u s t r a t e 
the u se , accuracy and the e f f i c i ency of the method and program, a t l e a s t 




H i s t o r i c a l R e v i e w 
The d e v e l o p m e n t o f g e n e r a l d i s c r e t e m e t h o d s o f s t r u c t u r a l m e c h a n i c s 
s t a r t e d i n t h e e a r l y 1 9 5 0 s w i t h t h e f u n d a m e n t a l w o r k o f A r g y r i s [ 2 ] . 
As w o u l d b e e x p e c t e d , t h i s i n i t i a t i o n w a s p a r a l l e l t o t h e a d v e n t a n d e x ­
t e n d e d u s a g e o f h i g h s p e e d d i g i t a l c o m p u t e r s . T h e s e t e c h n i q u e s w e r e 
o r i g i n a l l y a p p l i e d t o t h e a n a l y s i s o f h i g h l y c o m p l e x a i r c r a f t s t r u c t u r e s . 
I n 1956 T u r n e r e t a l . , [ 4 0 ] e s t a b l i s h e d t h e b a s i s o f t h e f i n i t e 
e l e m e n t m e t h o d . The f i r s t a p p l i c a t i o n w a s i n p l a n e s t r e s s a n a l y s i s . 
S i n c e t h e n i t h a s b e e n e x t e n d e d t o a x i - s y m m e t r i c s t r e s s a n a l y s i s , f l a t 
p l a t e b e n d i n g , t h r e e d i m e n s i o n a l s t r e s s a n a l y s i s a n d s h e l l a n a l y s i s i n 
t h e f i e l d o f s t r u c t u r e s . 
H o w e v e r , i t s h o u l d be e m p h a s i z e d t h a t t h e f i n i t e e l e m e n t m e t h o d 
i s b y no m e a n s r e s t r i c t e d t o t h e s o l u t i o n o f s t r u c t u r a l p r o b l e m s . The 
i d e a t h a t s t r u c t u r a l m e t h o d s c a n a c t u a l l y b e i n t e r p r e t e d i n t e r m s of 
v a r i a t i o n a l p r o c e d u r e s s u c h a s f i n d i n g t h e s t a t i o n a r y p o i n t o f t h e t o t a l 
p o t e n t i a l e n e r g y o f t h e s y s t e m ( o r t h e f u n c t i o n a l i n f i e l d p r o b l e m a p p l i c a ­
t i o n s ) h a s l e d t o t h e a p p l i c a t i o n o f f i n i t e e l e m e n t m e t h o d t o p r o b l e m s 
o f c o n t i n u u m m e c h a n i c s . The f i r s t p a p e r i n t h i s a r e a w a s p u b l i s h e d i n 
1 9 6 5 . I n t h i s p a p e r Z i e n k i e w i c z a n d C h e u n g [ 5 0 ] u t i l i z e d t h e m e t h o d of 
v a r i a t i o n a l c a l c u l u s t o f o r m u l a t e t h e i n t e g r a l f i n i t e e l e m e n t e q u a t i o n s 
f o r s t e a d y t e m p e r a t u r e d i s t r i b u t i o n p r o b l e m . 
^ N u m b e r s i n b r a c k e t s r e f e r t o i t e m s i n t h e B i b l i o g r a p h y . 
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S i n c e t h e n v a r i o u s r e s e a r c h e r s h a v e e x t e n d e d t h i s m e t h o d t o t h e 
s o l u t i o n o f u n s t e a d y h e a t t r a n s f e r p r o b l e m s [ 48] , s t e a d y c o n f i n e d a n d u n -
c o n f i n e d s e e p a g e p r o b l e m s [ 5 1 ] , [ 2 5 ] , a n d s t e a d y i d e a l f l o w o f f l u i d s [ 1 2 ] . 
S c o p e o f t h e P r o b l e m 
M o d e l s o f l i n e a r s o l u t i o n s f o r f i e l d p r o b l e m s w h i c h u s e t h e f i n i t e 
e l e m e n t m e t h o d h a v e r e c e n t l y b e c o m e a n a c t i v e r e s e a r c h a r e a . A w h o l e 
g r o u p o f s t u d i e s i n v o l v e s t h e a p p l i c a t i o n o f t h e f i n i t e e l e m e n t m e t h o d 
t o a c l a s s o f p r o b l e m s t h a t c a n b e c a s t i n t o a v a r i a t i o n a l f o r m , s u c h a s 
t h e i d e a l f l o w o f f l u i d s , f l o w o f v i s c o u s i n c o m p r e s s i b l e f l u i d s , h e a t 
c o n d u c t i o n , e l e c t r i c a l a n d m a g n e t i c f i e l d p r o b l e m s a n d s e e p a g e t h r o u g h 
p o r o u s m e d i a . T h e s e m o d e l s e x h i b i t many a d v a n t a g e s o v e r c o n v e n t i o n a l 
m e t h o d s o f n u m e r i c a l a n a l y s i s , m a i n L y d u e t o t h e s i m p l i c i t y w i t h w h i c h 
b o u n d a r y c o n d i t i o n s c a n b e a p p l i e d a i d t h e e a s e w i t h w h i c h c o m p l e x d o m a i n s 
c a n b e a p p r o x i m a t e d . 
T h u s , a p p l y i n g t h e f i n i t e e l e m e n t m e t h o d i n f i e l d s o t h e r t h a n t h a t 
o f s t r u c t u r a l e n g i n e e r i n g , p r i o r k n o w l e d g e o f t h e p r o p e r v a r i a t i o n a l e x ­
p r e s s i o n i s u s e f u l . F o r e x a m p l e , i n s t e a d y s t a t e s e e p a g e f l o w a n d h e a t 
c o n d u c t i o n p r o b l e m s , s u c h v a r i a t i o n a l f o r m s c a n b e o b t a i n e d f o r t h e w e l l 
known L a p l a c e a n d P o i s s o n ' s e q u a t i o n s . F o r p r o b l e m s w h e r e e x a c t v a r i a ­
t i o n a l f o r m s c a n n o t b e f o u n d , s u c h a s u n s t e a d y f i e l d p r o b l e m s , t h e f i n i t e 
e l e m e n t m e t h o d c a n a g a i n b e u t i l i z e d e i t h e r b y u s i n g r e s t r i c t e d v a r i a t i o n a l 
f o r m s o r t h r o u g h t h e u s e o f G a l e r k i n ' s m e t h o d . T h u s , i n a p p l i c a t i o n t o 
f i e l d p r o b l e m s , t h e f i n i t e e l e m e n t m e t h o d r e p r e s e n t s a n a p p r o x i m a t e p r o ­
c e d u r e f o r t h e s o l u t i o n o f p r o b l e m s , u t i l i z i n g m e t h o d s o f v a r i a t i o n a l 
c a l c u l u s o r G a l e r k i n ' s m e t h o d . As w i l l b e c o m e a p p a r e n t i n t h e p r e s e n t 
w o r k , f i n i t e e l e m e n t a n a l y s i s f u r n i s h e s a r e f i n e d s c h e m e f o r t h e 
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application of the wel-known Ritz method. 
In this dissertation the main consideration is given to the 
utilization of the finite element method in the solution of field problems 
in transport mechanics. Thus, the purpose of this study is to present 
the derivation of finite element equations which describe a discrete model 
and to develop a computer program for the solution of above mentioned 
field problems. More specifically, general mathematical schemes are 
developed for the partial differential equations summarized below: 
The first three partial differential equations model the steady diffusion 
problems in cartesian and cylindrical, coordinates. For these partial 
differential equations exact variational forms are employed to arrive 
at integral finite element equations. Partial differential equations 
given in (d) and (e) model unsteady diffusion problems in cartesian and 
cylindrical coordinates respectively. For these partial differential 
equations restricted variational forms are utilized to arrive at the 
integral finite element equations. Also, for the same partial differential 
equations the use of Galerkin's method is demonstrated to yield the same 
integral finite element equations. This extension in the analysis, that 
is, the use of Galerkin's method, clearly increases the potential of the 
finite element method in application, to problems in continuum mechanics. 
Using Galerkin's method, finite element analysis can be utilized in the 
solution of field problems which cannot be expressed in terms of exact 
variational forms. The last partial differential equation models con-
vective diffusion of a certain concentration in a prescribed velocity 
field. For this partial differential equation again both the restricted 
variational form and Galerkin's method are utilized to derive the integral 
finite element equations. Analysis of this differential equation in it­
self is a major extension to fluid mechanics literature and illustrates 
the power of the finite element method in application to field problems. 
As a result of this study a computer program is writen which 
solves the above mentioned partial differential equations in cartesian 
and cylindrical coordinates. Twelve numerical examples are presented to 
illustrate the wide variety of the problems which can be solved. 
Finite Element Concept 
In the basic analysis of structural systems, frames, trusses, etc. 
have finite character. These systems consist of a finite number of 
elements interconnected at a finite number of joints or nodal points, 
as for example the truss system seen in Figure 1. This characteristic 
makes it possible to analyze such systems by means of simultaneous 
algebraic equations. Furthermore, this finite character is the basic 
difference between structural systems and continua. In a continuum, 
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t h e t r u e n u m b e r o f i n t e r n o d a l p o i n t s i s i n f i n i t e a n d t h e r i n l i e s t h e 
m a j o r d i f f i c u l t y t o i t s s o l u t i o n . The c o n c e p t of f i n i t e e l e m e n t s , a s 
o r i g i n a l l y d e s i g n a t e d by T u r n e r e t a l . , [ 4 0 ] a t t e m p t s t o o v e r c o m e t h i s 
F i g u r e 1 . S i m p l y S u p p o r t e d T r u s s 
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d i f f i c u l t y b y c o n c e p t u a l i z i n g t h e r e a l c o n t i n u u m a s d i v i d e d i n t o a 
s e t o f two o r t h r e e d i m e n s i o n a l e l e m e n t s , i n t e r c o n n e c t e d o n l y a t a 
f i n i t e n u m b e r o f n o d a l p o i n t s , a t w h i c h some f i c t i t i o u s f o r c e s , r e p r e ­
s e n t a t i v e o f t h e d i s t r i b u t e d s t r e s s e s a c t u a l l y a c t i n g on t h e e l e m e n t 
b o u n d a r i e s , a r e h y p o t h e s i z e d t o o p e r a t e . I f s u c h a n i d e a l i z a t i o n i s 
p o s t u l a t e d , t h e n t h e p r o b l e m r e d u c e s t o t h a t o f a c o n v e n t i o n a l s t r u c t u r ­
a l t y p e , w h i c h i n t u r n m a k e s s o l u t i o n b y s i m u l t a n e o u s a l g e b r a i c e q u a ­
t i o n s p o s s i b l e . 
T h i s i d e a l i z a t i o n p r o c e s s c a n b e shown s c h e m a t i c a l l y a s s e e n 
b e l o w : 
a ) B a s i c s t r u c t u r a l a n a l y s i s ; 
F r a m e 
S t r u c t u r e 
( I d e a l i z a t i o n ) One d i m e n s i o n a l 
s t r u c t u r a l e l e m e n t s 
7Tt •77 77 7 
TTtrrr 771 777 
F i g u r e 2. I d e a l i z a t i o n o f a Frame S t r u c t u r e 
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b ) F i n i t e e l e m e n t a n a l y s i s ; 
C o n t i n u u m ( I d e a l i z a t i o n ) ^ Two o r t h r e e d i m e n s i o n a l 
e l e m e n t s i n t e r c o n n e c t e d a t 
a f i n i t e n u m b e r o f p o i n t s . 
F i g u r e 3 . I d e a l i z a t i o n o f a C o n t i n u u m 
The b a s i c i d e a o f d i s c r e t e e l e m e n t t e c h n i q u e s o f s t r u c t u r a l 
a n a l y s e s l i e s i n t h e p h y s i c a l i d e a l i z a t i o n o f s t r u c t u r e s a s a s s e m b l i e s 
o f s t r u c t u r a l c o m p o n e n t s . T h u s , t h e f o r m u l a t i v e e f f o r t i s r e d u c e d t o 
t h e d e v e l o p m e n t o f f o r c e - d i s p l a c e m e n t ( o r s t i f f n e s s ) e q u a t i o n s f o r t h e 
d i s c r e t e e l e m e n t s t h a t make up t h e s t r u c t u r e t o b e a n a l y z e d . 
Once t h e e l e m e n t r e l a t i o n s h i p s h a v e b e e n e v a l u a t e d , t h e e l e m e n t s 
a r e a s s e m b l e d t o f o r m t h e c o m p l e t e a n a l y t i c a l m o d e l o f t h e s t r u c t u r e 
b y j o i n i n g a l l e l e m e n t s a t t h e i r r e s p e c t i v e j u n c t u r e s a n d a p p l y i n g , i n 
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t h e p r o c e s s , t h e r e q u i r e m e n t s o f p o i n t e q u i l i b r i u m a n d c o m p a t i b i l i t y . 
T h u s t h e s t i f f n e s s m a t r i x f o r t h e c o m p l e t e s t r u c t u r e c a n b e a s s e m b l e d 
m e r e l y b y a d d i n g s t i f f n e s s c o e f f i c i e n t s . 
The i d e a l i z a t i o n o f a c o n t i n u u m i s n o t a n e w i d e a . I t h a s b e e n 
u s e d a t v a r i o u s p h a s e s o f s t r u c t u r a l a n a l y s i s ( p l a t e b e n d i n g p r o b l e m s , 
i d e a l i z a t i o n o f s h e l l s a s s p a c e t r u s s s y s t e m s , e t c . ) . T h u s , t h e c o n ­
t r i b u t i o n o f t h e f i n i t e e l e m e n t m e t h o d i s n o t t h e s t r u c t u r a l a p p r o x i m a ­
t i o n o f t h e c o n t i n u u m , b u t r a t h e r t h e u s e o f two o r t h r e e d i m e n s i o n a l 
e l e m e n t s i n t h i s a p p r o x i m a t i o n . I d e a l i z a t i o n i s o b t a i n e d , a s s e e n i n 
F i g u r e 3 , m e r e l y b y d i v i d i n g t h e o r i g i n a l c o n t i n u u m i n t o s e g m e n t s o f 
a p p r o p r i a t e s i z e s a n d s h a p e s , a l l o f t h e p r o p e r t i e s s u c h a s e l a s t i c i t y , 
c o n d u c t i v i t y , p e r m e a b i l i t y o f t h e o r i g i n a l s y s t e m b e i n g r e t a i n e d i n t h e 
i n d i v i d u a l e l e m e n t s . T h i s i n t u r n m a k e s t h e t r e a t m e n t o f a r b i t r a r y 
m a t e r i a l p r o p e r t i e s p o s s i b l e , w h i c h b y i t s e l f , i s o n e o f t h e p r i n c i p a l 
a d v a n t a g e s o f t h e f i n i t e e l e m e n t m e t h o d . 
The f i n i t e e l e m e n t c o n c e p t h a s b e e n d e s c r i b e d i n t u i t i v e l y a b o v e . 
A d e t a i l e d e x p l a n a t i o n o f t h e a p p l i c a t i o n o f t h i s m e t h o d t o s t r u c t u r a l 
s y s t e m s c a n b e f o u n d i n r e f e r e n c e s [ 2 ] , [ 4 0 ] , [ 2 6 ] , [ 2 7 ] a n d [ 5 2 ] . W h a t , 
i n f a c t , h a s b e e n s u g g e s t e d i n t h e f i n i t e e l e m e n t a p p r o a c h t o f o r c e - d i s ­
p l a c e m e n t a n a l y s e s o f s t r u c t u r a l s y s t e m s i s e q u i v a l e n t t o f i n d i n g t h e 
s t a t i o n a r y p o i n t o f t h e t o t a l p o t e n t i a l e n e r g y o f t h e s y s t e m i n t e r m s 
o f a p r e s c r i b e d d i s p l a c e m e n t f i e l d . 
L e t U r e p r e s e n t t h e s t r a i n e n e r g y o f a s t r u c t u r e u n d e r a s y s t e m 
o f d i s t r i b u t e d l o a d s { P} ( p e r u n i t v o l u m e ) a n d c o n c e n t r a t e d l o a d s {R } 
s u b j e c t t o d i s p l a c e m e n t s { f } a n d { 3 } r e s p e c t i v e l y . I f t h e s y s t e m i s 
i n e q u i l i b r i u m b o t h i n t e r n a l l y a n d e x t e r n a l l y , a n d i f a n i n f i n i t e s i m a l 
g 
c h a n g e o f d i s p l a c e m e n t s 6 { $ } a n d 6 | f } is. t h e n i m p o s e d , t h e e x t e r n a l w o r k 
d o n e b y t h e l o a d s m u s t e q u a l t h e c h a n g e i n s t r a i n e n e r g y , i . e . 
SU - {R } T 6 (31+ f 
{P } T 6 { f }dV ( 1 . 1 ) 
/ v 
I f t h e e x t e r n a l f o r c e s a r e c o n s e r v a t i v e , E q u a t i o n ( 1 . 1 ) c a n u s u a l l y b e 
w r i t t e n a s f o l l o w s : 
r 
5[U - { R } T { { S l - l P } T { f } d V ] = 0 ( 1 . 2 ) 
/ v 
The l a s t two t e r m s o f t h e q u a n t i t y i n b r a c k e t s a b o v e r e p r e s e n t t h e p o ­
t e n t i a l e n e r g y o f t h e l o a d s y s t e m , W. H e n c e 
0 = U + W ( 1 - 3 ) 
r e p r e s e n t s t h e t o t a l p o t e n t i a l e n e r g y o f t h e s y s t e m , a n d 
6 [ 0 ] = 0 ( 1 . 4 ) 
T h i s i s s i m p l y t h e s t a t e m e n t t h a t t h e t o t a l p o t e n t i a l e n e r g y m u s t b e 
s t a t i o n a r y a t t h e e q u i l i b r i u m c o n f i g u r a t i o n . 
T h u s , o r i g i n a t i n g f r o m s t r u c t u r a l m e t h o d s i n t e r p r e t e d i n t e r m s 
o f v a r i a t i o n a l p r o c e d u r e s a s t h e s t a t i o n a r y p o i n t s o f c e r t a i n f u n c t i o n a l s , 
t h e f i n i t e e l e m e n t m e t h o d l e a d s , i n i t s e x t e n s i o n , t o o t h e r b o u n d a r y 
v a l u e p r o b l e m s w h e r e a v a r i a t i o n a l f o r m u l a t i o n i s p o s s i b l e . A t y p i c a l 
v a r i a t i o n a l p r o b l e m i s o n e i n w h i c h a n e n e r g y e x p r e s s i o n 
f 
F ( f ( x , y , z ) , g ( x , y , z ) ) d V ( 1 . 5 ) 
v 
K f , g ) = 
m u s t b e s t a t i o n a r y f o r v a r i a t i o n s <5f a n d <5g. T h a t i s , 
5I(f, g) = 0 (1.6) 
Throughout the previous discussion, the analysis of problems have 
been treated from a structural analysis point of view. The calculus of 
variations is now introduced for the development of variational forms. 
This is the mathematical basis of the application of finite element 
analysis to field problems in fluid mechanics that wil be considered 
in this dissertation. In fact, physical rather than mathematical reason­
ing can be applied to arrive at a definition of variational forms. To 
illustrate, a steady seepage problem wil be analyzed below. 
Let the total head for a steady seepage problem be denoted by 
"h". For the two dimensional case, the folowing can be writen: 
h = h (x,y) (1.7) 
If the flow is through an isotropic medium, Darcy's law indicates that 
the velocity of flow in the x-direction, u, is 
u = - K~ (1.8) 
and the velocity in the y-direction, v, is 
v = -Kf (1.9) 
where K is the permeabilty of the medium. The pressure drop, Ap, per 
unit volume over a distance Ax is 
_ _Sh (1.10) 
8x Yw 3x 
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Thus, the rate of dissipation of energy due to the flow in the x-direc­
tion is 




x rw vdx' (1.12) 
Hence, the total rate of energy dissipation over the entire region of 
the problem is 
( 
i = •dy (1.13) 
Physical reasoning indicates that a steady state case must be one in 
which the rate of energy dissipation is a minimum; thus, the first vari­
ation of I must vanish. Taking the first variation of Equation (1.13), 
61 = 6 A 
2 2 
YwK[(H> + ^ ] d x d y = ° (1.14) 
or 
^ 2 Sh 2 
[<£) + (f) ]dxdy = 0 x̂ (1.15) 
From this variational form, equation (1.16) can be obtained by the 
application of Euler's theorem of the calculus of variations [23], [44], 
[10], [4]. Accordingly, 
|-(2f) + ̂  - 0 (1.16) 
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or 
^7 + = 0 (1.17) 
This is the wel known Laplace equation, which is the differential 
statement of the steady seepage problem. As can be seen from the above 
example, the differential equation obtained by the application of the 
variational approach using either physical or mathematical reasoning is 
identical to that derived from considerations of continuity and equilib­
rium. This means that for a wel-posed physical problem, the variational 
approach and the equilibrium-continuity approach must give the same results. 
Thus, the choice between the two methods would be reduced to considera­
tions of convenience. 
Generaly speaking, it can be stated that there are two alternate 
procedures that can be used in the numerical solution of field problems, 
provided that a solution is possible in the first place. 
a) A partial differential equation can be writen and 
its direct solution can be atempted, or 
b) the problem can possibly be transformed into a variational 
form. The solution in this case involves finding a function 
which will make a certain functional stationary over the 
whole field. 
Finite difference approximation is utilized in the first case. 
Finite element approximation, as treated in this thesis, can be utilized 
in both cases. It can be expected that the two approaches result, 
occasionaly, in identical equations for simple problems. The freedom 
o f s h a p e o f e l e m e n t a n d t h e e a s e w i t h w h i c h n o n - h o m o g e n e i t y a n d b o u n d a r y 
c o n d i t i o n s c a n b e t r e a t e d m a k e f i n i t e e l e m e n t a n a l y s e s a d v a n t a g e o u s . 
A p p l i c a t i o n o f t h e f i n i t e e l e m e n t m e t h o d t o f i e l d p r o b l e m s r e ­
q u i r e s d i f f e r e n t f o r m u l a t i o n s f o r d i f f e r e n t t y p e s o f p r o b l e m s . H o w e v e r , 
o n c e f o r m u l a t e d t h e m a t h e m a t i c a l m o d e l h a s c o n s i d e r a b l e g e n e r a l i t y ; i t 
i s a p p l i c a b l e t o d i f f e r e n t b o u n d a r y c o n d i t i o n s , a n d t o d i f f e r e n t g e o m e t ­
r i c a l a n d p h y s i c a l p r o p e r t i e s o f t h e f i e l d . The r e s t r i c t i o n a s t o t h e 
t y p e o f p r o b l e m i s o f n o g r e a t c o n c e r n , s i n c e many d i f f e r e n t p h e n o m e n a 
h a v e a common f o r m w i t h r e g a r d t o t h e d i f f e r e n t i a l e q u a t i o n m o d e l . F o r 
e x a m p l e , L a p l a c e ' s e q u a t i o n p r o v i d e s a m o d e l f o r f l o w o f i d e a l f l u i d s , 
h e a t c o n d u c t i o n , o r s e e p a g e f l o w s . 
As t o t h e m a t h e m a t i c a l p r e l i m i n a r i e s , k n o w l e d g e o f d i f f e r e n t i a l 
c a l c u l u s a n d o f m a t r i x a l g e b r a a r e t h e b a s i c r e q u i r e m e n t s o f f i n i t e 
e l e m e n t a n a l y s i s . M a t r i x m e t h o d s p r o v i d e t h e m o s t p r a c t i c a l m e a n s o f 
o r g a n i z i n g t h e c o m p u t a t i o n s . I t i s a c h a r a c t e r i s t i c o f t h e f i n i t e e l e ­
m e n t m e t h o d , w h e t h e r u s e d i n a s t r u c t u r a l c o n t e x t o r t o d e s c r i b e o t h e r 
p h e n o m e n a , t h a t t h e e s s e n t i a l p r o p e r t i e s o f a n e l e m e n t w i l l b e o f t h e 
fo rm e n c o u n t e r e d i n s t r u c t u r a l a n a l y s i s . H e n c e , a f t e r t h e f o r m u l a t i o n 
o f m a t r i x e q u a t i o n s , t h e g e n e r a l p r o c e d u r e s o f a s s e m b l y a n d s o l u t i o n 
w i l l f o l l o w a p a t t e r n b a s e d on s t r u c t u r a l a n a l o g y a n d , n e e d l e s s t o s a y , 
h i g h s p e e d c a l c u l a t o r s a r e a n e s s e n t i a l e l e m e n t o f t h e w h o l e s o l u t i o n 
p r o c e s s . 
To s u m m a r i z e , t h e f i r s t a p p r o x i m a t i o n a p p l i e d t o t h e c o n t i n u a 
m i g h t b e o f a p h y s i c a l n a t u r e ; a m o d i f i e d s y s t e m i s s u b s t i t u t e d f o r 
a n a c t u a l c o n t i n u u m . T h e r e i s n o n e e d f o r a p p r o x i m a t i o n s i n t h e 
d i f f e r e n t i a l e q u a t i o n s o f t h e s u b s t i t u t e s y s t e m . A p p r o x i m a t i o n s a r e 
i n t r o d u c e d , h o w e v e r , i n t h e a s s u m e d d i s t r i b u t i o n s o f t h e u n k n o w n s . 
T h e s e d i s t r i b u t i o n s a r e n o t r e s t r i c t e d t o a c e r t a i n t y p e o r f o r m o f a 
f u n c t i o n . T h u s , t h e s t e p s i n v o l v e d i n t h e a n a l y s i s a s s t u d i e d i n t h i s 
d i s s e r t a t i o n a r e : 
a ) F o r m u l a t i o n o f t h e d i f f e r e n t i a l e q u a t i o n . 
b ) D e r i v a t i o n o f t h e a s s o c i a t e d v a r i a t i o n a l p r o b l e m ( i f s u c h 
e x i s t s ) . 
c ) D i v i s i o n o f t h e c o n t i n u u m b y i m a g i n a r y l i n e s o r s u r f a c e s 
i n t o a n u m b e r o f f i n i t e e l e m e n t s . 
d ) F o r m u l a t i o n o f t h e i n t e g r a l e q u a t i o n s w i t h i n t h e e l e m e n t . 
e ) F o r m u l a t i o n o f t h e f i n i t e e l e m e n t e q u a t i o n s w i t h i n a n e l e m e n t . 
f ) A s s e m b l y o f t h e e q u a t i o n s f o r a l l e l e m e n t s . 
g ) S u b s t i t u t i o n o f t h e b o u n d a r y c o n d i t i o n s i n t o t h e r e s u l t a n t 
e q u a t i o n s . 
h ) S o l u t i o n o f t h e r e s u l t a n t s y s t e m o f s i m u l t a n e o u s a l g e b r a i c 
e q u a t i o n s . 
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CHAPTER I I 
MATHEMATICAL ANALYSIS 
E l e m e n t s 
As i n d i c a t e d i n t h e p r e v i o u s c h a p t e r , t h e f i n i t e e l e m e n t a n a l y s i s 
o f a f i e l d p r o b l e m c a n b e d i v i d e d i n t o t h r e e p h a s e s , n a m e l y : 
a ) I d e a l i z a t i o n o f t h e c o n t i n u u m , 
b ) F o r m u l a t i o n o f e l e m e n t e q u a t i o n s , 
c ) A s s e m b l y o f e l e m e n t s a n d s o l u t i o n o f t h e r e s u l t a n t s e t o f 
s i m u l t a n e o u s a l g e b r a i c e q u a t i o n s . 
I n t h e f i n i t e e l e m e n t m e t h o d , t h e c o n t i n u u m i s a s s u m e d t o b e 
d i v i d e d i n t o v o l u m e o r s u r f a c e e l e m e n t s w h i c h h a v e f i n i t e d i m e n s i o n s . 
Such a n i d e a l i z a t i o n i s d i c t a t e d b y t h e n e e d t o f i n d a n a l t e r n a t i v e f o r m 
o f t h e e q u i l i b r i u m e q u a t i o n s w h i c h w i l l b e e a s i e r t o s o l v e t h a n t h e 
g o v e r n i n g e q u a t i o n s of t h e c o n t i n u u m . T h i s m o d i f i e d c o n c e p t u a l i z a t i o n 
o f t h e s y s t e m r e s u l t s i n a s e t o f a l g e b r a i c e q u a t i o n s r a t h e r t h a n d i f ­
f e r e n t i a l e q u a t i o n s , t h u s s i m p l i f y i n g t h e s o l u t i o n c o n s i d e r a b l y . 
The s h a p e , s i z e a n d d i s t r i b u t i o n o f t h e e l e m e n t s a r e a r b i t r a r y . 
R e c t a n g u l a r , t r i a n g u l a r a n d t h r e e - d i m e n s i o n a l e l e m e n t s h a v e b e e n u s e d 
e f f i c i e n t l y i n v a r i o u s s t u d i e s . H o w e v e r , d u e t o t h e i r s u f f i c i e n t a c c u ­
r a c y a n d g r e a t e r a d a p t a b i l i t y i n f i t t i n g a r b i t r a r y b o u n d a r y g e o m e t r i e s , 
t r i a n g u l a r e l e m e n t s w i l l b e u t i l i z e d t h r o u g h o u t t h i s d i s s e r t a t i o n . I t 
i s a l s o a s s u m e d t h a t t h e v a l u e o f t h e d e p e n d e n t v a r i a b l e v a r i e s l i n e a r l y 
o v e r e a c h e l e m e n t . T h i s m e a n s t h a t t h e v a l u e o f t h e d e p e n d e n t v a r i a b l e 
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a t a n y p o i n t w i t h i n t h e e l e m e n t c a n b e e x p r e s s e d u n i q u e l y b y t h e v a l u e s 
o f t h e v a r i a b l e a t t h e n o d e s o f t h e e l e m e n t a n d t h e p o s i t i o n o f t h e p o i n t 
u n d e r c o n s i d e r a t i o n i n t h e e l e m e n t . 
I n d e v e l o p i n g e l e m e n t e q u a t i o n s , t o s i m p l i f y t h e r e s u l t a n t e q u a ­
t i o n s , t h e o r i g i n o f t h e l o c a l a x e s w h i c h d e f i n e t h e l o c a l c o o r d i n a t e s 
o f t h e e l e m e n t n o d e s i s p l a c e d a t t h e c e n t r o i d o f t h e e l e m e n t a n d t h e 
p r i n c i p a l a x e s a r e i n c l i n e d i n t h e d i r e c t i o n o f l o c a l a n i s o t r o p y . C o n ­
s i d e r t h e t r i a n g u l a r e l e m e n t shown i n F i g u r e 4 . C o n s i d e r f u r t h e r a n y 
d e p e n d e n t v a r i a b l e 0, w h i c h i s a s s u m e d t o v a r y l i n e a r l y o v e r t h e e l e m e n t 
F i g u r e 4 . A T r i a n g u l a r E l e m e n t 
s u c h t h a t 
0 = a + b x + cy (2 .1) 
The v a l u e s o f 0 a t t h e n o d e s o f t h e t r i a n g u l a r e l e m e n t ( i , j , a n d k o f 
F i g u r e 4) c a n b e w r i t t e n a s : 
0. = a + b x . + c y . 
I l J l 
I. = a + b x . + c y . (2.2) 3 1 3 
0 k = a + b X k + c y k 
G i v e n t h e E q u a t i o n (2.2), t h e c o n s t a n t s a , b a n d c c a n b e s o l v e d f o r i n 
t e r m s o f 0 . , 0 . , 0, a n d t h e c o o r d i n a t e s o f t h e n o d e s o f t h e t r i a n g l e . 
i j k 
U s i n g C r a m e r ' s r u l e , 
a = k t 0 i ( x / k - V j > + Vvi" x i y k ) + S < ¥ j - x j y i ) ] ( 2 - 3 ) 
b - k t 0 i ( y 3 • y k ) + 0 i ( y k - y i } + 0 k ( y i - y j ) ] ( 2 - 4 ) 
c - i s t 0 i ( x k - V + V x i - V + 0 k ( x j - ( 2 - 5 ) 
w h e r e , A i s t h e a r e a o f t h e t r i a n g u l a r e l e m e n t . D e f i n i n g , 
a i = ( x j y k - v^h a j = < V i - xi yk )k' a k = ( x i y j - x j yi )k 
b i - ( y j -
 yk4- b j - ( y k - yi>k'bk • ( y i - yj>k
 (2-6) 
c i = ( x k • XJ>2A» C j = ( X x " \>2X'\ = ( x j • x i>2A 
T h e n , 
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A = 0 . A . + 0 . A . + 0. A . (2.7) 
1 1 J J K K 
B = 0 . B . + 0 . B . + 0, B . (2.8) 
L I J J K K 
C = 0 . C . + 0 . C . + 0, C . (2.9) 
L I J J K K 
S U B S T I T U T I N G E Q U A T I O N S (2.7), (2.8), (2.9) I N T O E Q U A T I O N (2.1), 0 C A N 
N O W B E E X P R E S S E D I N T E R M S O F I T S N O D A L V A L U E S I N T H E T R I A N G U L A R E L E M E N T 
C O N S I D E R E D . T H U S , 
0 = (0 .A. + 0 .A. + 0, A. ) + (0 .B. + 0 .B . + 0, V )X (2.10) 
1 1 jj K K 1 1 J J K K 
+ ( 0 . C + 0 . C . + 0 C . ) Y 
1 1 J J K K 
O R 
= ( A . + B . X + C . Y ) 0 . + ( A . + B . X + C . Y ) 0 . (2.11) 
I I I I J J J J 
+ (ak + \ x + v>\ 
D E F I N I N G , 
N. = A . + B . X + C . Y (2.12) 
L L L I Y 
N. = A . + B . X + C . Y (2.13) J J J J 
N K = A K + B K X + V < 2 ' 1 4 > 
A N D 
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j 
( 2 . 1 5 ) 
T H E N , T H E M A T R I X F O R M O F E Q U A T I O N ( 2 . 1 1 ) W I L L B E , 
[0] = [ N . N N k ] {0 6} 
J 
( 2 . 1 6 ) 
T H I S F I N A L F O R M O F E Q U A T I O N ( 2 . 1 6 ) I S I N A G R E E M E N T W I T H T H E 
S T A T E M E N T M A D E E A R L I E R : " T H E V A L U E O F T H E D E P E N D E N T V A R I A B L E A T A N Y P O I N T 
W I T H I N T H E E L E M E N T I S D E T E R M I N E D U N I Q U E L Y B Y T H E V A L U E S O F T H E V A R I A B L E 
A T T H E N O D E S O F T H E E L E M E N T A N D T H E P O S I T I O N O F T H E P O I N T U N D E R C O N S I D E R ­
A T I O N I N T H E E L E M E N T . " M O R E R E F I N E D M O D E L S C A N A L S O B E S T U D I E D I N 
F I N I T E E L E M E N T A N A L Y S I S [49] , [ 3 ] , M E R E L Y B Y S T A R T I N G W I T H A N O N - L I N E A R 
V A R I A T I O N O F T H E D E P E N D E N T V A R I A B L E I N T H E E L E M E N T I N S T E A D O F A L I N E A R 
O N E A S I N E Q U A T I O N ( 2 . 1 ) . 
D I F F E R E N T S H A P E S ( T R I A N G L E S , R E C T A N G L E S , E T C . ) A N D S I Z E S C A N B E 
U S E D T O G E T H E R A N D / O R S E P A R A T E L Y I N T H E A N A L Y S I S ; T H E O N L Y R E Q U I R E M E N T 
I S T H A T T H E A S S U M E D F U N C T I O N B E C O N T I N U O U S T H R O U G H O U T T H E E L E M E N T . 
M I X E D U S E O F D I F F E R E N T S H A P E S I S A D M I S S I B L E B U T C O M P L I C A T E S T H E C O M P U T E R 
P R O G R A M . I N A D D I T I O N T O T H E P L A N E T R I A N G U L A R E L E M E N T S , S H O W N I N F I G U R E 
4, T H E R E A R E S E V E R A L D I F F E R E N T S H A P E S O F E L E M E N T S W H I C H H A V E B E E N U S E D T O 
R E P R E S E N T V A R I O U S C O N T I N U A . S O M E O F T H E S E A R E S U M M A R I Z E D I N F I G U R E 5 . 
T O T H E W R I T E R ' S K N O W L E D G E , T H E U S E O F A L L D I F F E R E N T P O S S I B L E 
E L E M E N T S H A P E S H A S N O T B E E N C O M P L E T E L Y I N V E S T I G A T E D . H O W E V E R , M O S T O F 
T H E E L E M E N T S H A P E S S E E N I N F I G U R E 4 H A V E B E E N U S E D I N S T R E S S A N A L Y S I S O F 
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Two Dimensional Elements 
x 
Axisymmetric Elements 
Three Dimen­sional Elements 
Figure 5. Some Typical Element Types 
solids. Results obtained at Massachusets Institute of Technology 
[6] and University of California at Berkeley [ 4 ] indicate that, in 
general, rectangular and more refined element shapes appear to yield 
slightly better approximations of stresses and deflections for a given 
nodal pattern than do triangular elements, since the former employ a 
more refined deformation approximation. However, because of their 
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g r e a t e r a d a p t a b i l i t y i n f i t t i n g a r b i t r a r y b o u n d a r y g e o m e t r i e s a n d b e c a u s e 
t h e y f u r n i s h s u f f i c i e n t a c c u r a c y , t r i a n g u l a r e l e m e n t s h a v e b e e n u s e d 
m o r e w i d e l y i n s o l u t i o n o f f i e l d p r o b l e m s , e v e n t h o u g h some o t h e r s h a p e s 
o f e l e m e n t s may o f f e r b e t t e r a p p r o x i m a t i o n s . The p r o c e d u r e i n t h e f o r m ­
u l a t i o n o f t h e s e d i f f e r e n t s h a p e s w o u l d r e m a i n b a s i c a l l y u n c h a n g e d , p r o ­
v i d e d t h a t e q u a t i o n s o f t h e t y p e shown i n E q u a t i o n ( 2 . 1 6 ) c a n b e d e r i v e d . 
L a t e r i n t h i s c h a p t e r m a t r i x e q u a t i o n s f o r a t r i a n g u l a r r i n g e l e m e n t 
w i l l b e d e v e l o p e d . S i z e s o f t h e e l e m e n t s c a n a l s o b e v a r i e d t h r o u g h o u t 
t h e c o n t i n u u m . T h u s , s m a l l e r e l e m e n t s c a n b e u s e d i n t h e r e g i o n s w h i c h 
show r a p i d v a r i a t i o n s i n t h e p r o p e r t i e s o f t h e c o n t i n u u m o r i n t h e v a l u e s 
o f t h e d e p e n d e n t v a r i a b l e . 
T h e o r e t i c a l l y , t h e c h o i c e o f e l e m e n t s h a p e i s c r i t i c a l s i n c e t h e 
a n a l y s i s i s a c t u a l l y p e r f o r m e d o n t h e s u b s t i t u t e s y s t e m , a n d t h e r e ­
s u l t s c a n o n l y b e v a l i d t o t h e e x t e n t t h a t t h e b e h a v i o r o f t h e a c t u a l 
c o n t i n u u m i s s i m u l a t e d b y t h e s u b s t i t u t e s y s t e m . I n p r a c t i c e , h o w e v e r , 
i d e a l i z a t i o n o f t h e c o n t i n u u m d o e s n o t p r e s e n t much d i f f i c u l t y . P r e v i o u s 
w o r k i n t h i s a r e a i n d i c a t e s t h a t r e l i a b l e r e s u l t s h a v e b e e n f r e q u e n t l y 
o b t a i n e d b y t h e u s e o f r a t h e r c o a r s e e l e m e n t s . H o w e v e r , t h e u s e o f 
f i n e r m e s h i d e a l i z a t i o n a n d , i n t h e c a s e o f t r i a n g u l a r e l e m e n t s , t h e u s e 
o f e q u a l s i d e d t r i a n g l e s , i m p r o v e s t h e a c c u r a c y a s w o u l d b e e x p e c t e d . 
B e c a u s e o f t h e w e l l - k n o w n a d v a n t a g e s o f v a r i a t i o n a l p r i n c i p l e s 
i n t r e a t i n g a r b i t r a r y b o u n d a r y c o n d i t i o n s , t h e c u s t o m a r y a p p r o a c h i n d e ­
r i v i n g f i n i t e e l e m e n t e q u a t i o n s , i n a p p l i c a t i o n t o f i e l d p r o b l e m s i s t o 
d e v e l o p a p p r o p r i a t e v a r i a t i o n a l p r i n c i p l e s f o r t h e p r o b l e m a t h a n d . 
T h u s , i n t h i s s e c t i o n , m a t h e m a t i c a l e q u a t i o n s a r e d e v e l o p e d i n w h i c h 
e l l i p t i c a n d p a r a b o l i c d i f f e r e n t i a l e q u a t i o n s a n d t h e i r r e s p e c t i v e 
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v a r i a t i o n a l f o r m s a r e e m p l o y e d . F o r p r o b l e m s i n w h i c h e x a c t v a r i a t i o n a l 
f o r m s c a n n o t b e f o u n d , t h e G a l e r k i n m e t h o d i s u t i l i z e d t o a r r i v e a t t h e 
i n t e g r a l e q u a t i o n s o f t h e s p e c i f i c p r o b l e m . I t i s c l e a r t h a t a p p l i c a ­
t i o n o f t h e s e f o r m u l a t i o n s t o d i f f e r e n t f i e l d p r o b l e m s i s m e r e l y 
a m a t t e r o f c h a n g i n g a p p r o p r i a t e c o n s t a n t s a n d v a r i a b l e s . S o l u t i o n s t o 
some s p e c i f i c p r o b l e m s o f t h i s t y p e a r e p r e s e n t e d i n C h a p t e r I V . 
The v a r i a t i o n a l m e t h o d s , o r s o - c a l l e d d i r e c t m e t h o d s , w h i c h h a v e 
b e e n m e n t i o n e d p r e v i o u s l y , a r e u s e d i n many c a s e s f o r s o l v i n g b o u n d a r y 
v a l u e p r o b l e m s . T h e s e m e t h o d s , a t l e a s t b e f o r e t h e i n t r o d u c t i o n o f 
f i n i t e e l e m e n t a n a l y s i s , w e r e c o n s i d e r e d i m p r a c t i c a l b y f i e l d e n g i n e e r s 
i n t h e s o l u t i o n o f f i e l d p r o b l e m s i n f l u i d m e c h a n i c s . S i n c e v a r i a t i o n a l 
a n a l y s i s i s c e n t r a l t o t h e a p p l i c a t i o n o f t h e f i n i t e e l e m e n t m e t h o d c o n ­
s i d e r e d i n t h i s s t u d y , t h e b a s i c p r i n c i p l e s i n v o l v e d i n t h i s m a t h e m a t i c a l 
a p p r o a c h w i l l b e b r i e f l y r e v i e w e d . 
The t e r m f u n c t i o n a l i s f r e q u e n t l y u s e d i n v a r i a t i o n a l c a l c u l u s 
t o d e s c r i b e f u n c t i o n s d e f i n e d b y i n t e g r a l s w h o s e a r g u m e n t s t h e m s e l v e s 
a r e f u n c t i o n s . T h u s , g i v e n t h e f u n c t i o n a l b e l o w , 
I = 
r x 2 
~ F ( x , y ( x ) , ^ ^ ) d x ( 2 . 1 7 ) 
x l 
w h e r e F i s a known f u n c t i o n o f t h e a r g u m e n t s x , y ( x ) , ~ ^ , a n d y ( x ) 
a X 
i s some f u n c t i o n o f x . The v a l u e o f t h i s i n t e g r a l d e p e n d s n o t o n l y on 
t h e p o i n t s x^ and x ^ , t h e l i m i t s o f i n t e g r a t i o n , b u t a l s o on t h e c h o i c e 
o f f u n c t i o n y ( x ) . T h e n t h e f u n c t i o n y = y ( x ) i s s o u g h t ( a s s u m i n g i t s 
e x i s t e n c e ) w h i c h m a k e s I s t a t i o n a r y w h e r e y ( x ) i s p r e s c r i b e d a t x = x^ 
and x = x̂. The basic theorem of calculus of variations states that 
for y(x) to make Equation (2.17) stationary, it should satisfy Euler's 
equation below. 
I T - h (i4—> - 0 <2-18> 
3y 3x |jr 
For the case of a function of several variables the problem is formu­
lated in a similar way. For example, in a given region V bounded by a 
surface S there exists some function 0 of three variables x, y, and z. 
Suppose on the surface S the values of this function are given, 
0(s) = (̂S)J where ^ ( s ) is known. It is required to choose from all 
the possible functions 0(x,y,z) one which fulfills the folowing condi­
tions : 
a) On the surface S the function 0(x,y,z) takes the given 
values, and 
b) 0(x,y,z) gives an extremum of the integral 
((( 
I = F(x,y,z,0,f,̂ )dxdydz (2.19) 
V ox ay D Z It can be shown that the required function should be the solution of 
Euler's equation, namely 
30 9xl3p j 3y 1 3q j 3z 1 3r j U U'ZU; 
where _30 90 80 3x' q == Sy' r ~ 3z 
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Consider the integral below, 
((( 
))) I = 
2 2 2 [(?—) + ) + ) + 20f(x,y,z)]dxdydz (2.21) v b x y y 6 z 
where f(x,y,z) is a known function. Here, 
2 2 2 
C—) + + + 20f(x,y,z) (2.22) 
d y o z 
X 
H = 2f(x,y,z) 
3 1 = o— — (—] = 2-2® 
3p 3x' 3x^p-> cix7' 
9F = 230. M , = 2S 20 
8q 8y' 9y *3 q j c ? ' 
^ 1 = o^- i _ j i l 1 = 2 - 2 0 
9 r 8 z' 8 z *3 r ^ iz2-' 
Substituting these values in Euler's equation one can obtain 
d20 L 820 , 3 20 3 ? W * a # = f ^ ^ ) (2-23) 
Thus, the function 0(x,y,z), which gives the extremum of the integral 
Equation (2.21) should satisfy a Poisson equation with the given boundary 
conditions. 
This problem may also be inverted. In order to solve a Poisson 
equation with specified boundary conditions, one can find a function 
0(x,y,z) which, when substituted, makes the integral Equation (2.21) 
stationary, and i t w i l l be the required solution. Thus, the present 
study w i l l employ f in i te element analysis in conjunction with the above 
mentioned inverted process in the calculus of variations for the 
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s o l u t i o n o f e l l i p t i c a n d p a r a b o l i c d i f f e r e n t i a l e q u a t i o n s e n c o u n t e r e d 
i n f l u i d m e c h a n i c s . 
E l l i p t i c P a r t i a l D i f f e r e n t i a l E q u a t i o n s 
E l l i p t i c p a r t i a l d i f f e r e n t i a l e q u a t i o n s a r i s e u s u a l l y f r o m 
e q u i l i b r i u m o r s t e a d y - s t a t e p r o b l e m s , a n d t h e i r s o l u t i o n s i n r e l a t i o n 
t o t h e c a l c u l u s o f v a r i a t i o n s f r e q u e n t l y m a x i m i z e o r m i n i m i z e a n i n t e g r a l 
r e p r e s e n t i n g t h e e n e r g y o f t h e s y s t e m . T h e m o s t f a m i l i a r e l l i p t i c e q u a ­
t i o n s a r e P o i s s o n ' s e q u a t i o n 
V 2 0 = g ( x , y ) ( 2 . 2 4 ) 
a n d L a p l a c e ' s e q u a t i o n 
V 2 0 ---- 0 ( 2 . 2 5 ) 
P o i s s o n ' s e q u a t i o n , f o r e x a m p l e , m o d e l s t h e S t . V e n a n t s t h e o r y o f t o r s i o n , 
t h e s l o w m o t i o n o f a n i n c o m p r e s s i b l e f l u i d , a n d e l e c t r i c i t y a n d m a g n e t i s m 
p r o b l e m s . L a p l a c e ' s e q u a t i o n , f o r e x a m p l e , a r i s e s i n f i e l d p r o b l e m s 
a s s o c i a t e d w i t h t h e s t e a d y f l o w o f h e a t i n h o m o g e n e o u s c o n d u c t o r s , w i t h 
t h e i r r o t a t i o n a l f l o w o f a n i n c o m p r e s s i b l e f l u i d a n d w i t h s e e p a g e p r o b l e m s 
T h e g e n e r a l f o r m o f a t w o - d i m e n s i o n a l e l l i p t i c p a r t i a l d i f f e r ­
e n t i a l e q u a t i o n t a k e s t h e f o r m 
"5 (Kxf£) + %(Kyf) + g(x'y) = 0 (2'26) 
w h e r e K , K , a n d g ( x , y ) a r e k n o w n f u n c t i o n s o f x a n d y . E q u a t i o n 
x y 
( 2 . 2 6 ) t o g e t h e r w i t h a p p r o p r i a t e b o u n d a r y c o n d i t i o n s d e f i n e a f i e l d 
p r o b l e m u n i q u e l y . H o w e v e r , a s m e n t i o n e d a b o v e , a n a l t e r n a t e f o r m u l a t i o n 
i s p o s s i b l e u s i n g t h e p r i n c i p l e s o f c a l c u l u s o f v a r i a t i o n s . A p p l y i n g 
t h e a b o v e s t a t e d E u l e r t h e o r e m o f c a l c u l u s o f v a r i a t i o n s , i t c a n b e s h o w n 
t h a t t h e p r o b l e m d e f i n e d b y E q u a t i o n ( 2 . 2 6 ) i s i d e n t i c a l t o t h a t o f 
f i n d i n g a f u n c t i o n 0 ( x , y ) w h i c h m a k e s t h e f u n c t i o n a l I s t a t i o n a r y , w h e r e 
I = ( 2 . 2 7 ) 
W i t h n o c h a n g e i n t h e b o u n d a r y c o n d i t i o n s , t h e i n t e g r a t i o n i s c a r r i e d 
o u t o v e r t h e w h o l e r e g i o n . T h u s , i t c a n b e v e r i f i e d t h a t t h e f u n c t i o n 
0 o f E q u a t i o n ( 2 . 2 7 ) s a t i s f i e s E q u a t i o n ( 2 . 2 6 ) w h e n I i s s t a t i o n a r y . 
S i n c e t r i a n g u l a r e l e m e n t s a r e c o n s i d e r e d , E q u a t i o n ( 2 . 1 6 ) a s 
f o r m u l a t e d e a r l i e r c a n b e u s e d . 
0 = [ N . N . N J { 0 e } 
1 J K 
( 2 . 1 6 ) 
E q u a t i o n ( 2 . 2 6 ) c a n n o w b e s o l v e d b y m a k i n g t h e i n t e g r a l ( 2 . 2 7 ) s t a t i o n ­







= 0 ( 2 . 2 8 ) 
D i f f e r e n t i a t i o n w i t h r e s p e c t t o t h e n o d a l v a l u e s 0 . , 0 . , 01 y i e l d s 
1 J k 
90 9 ,90, , ^ 9 0 9 ,90x , N90 n , , n , n O Q s 
A [ K x ^ 9 T 7 ( 9 ^ ) + K y 9 ^ W.S? ' ^ y ^ J d x d y = 0 ( 2 . 2 9 ) 




3 ( 5 j „ 
(( 
A [
 Kxl! W7<l!> + Sff - ^ . ^ l ^ • 0 ( 2 . 3 0 ) 
J J J 
31 
30 
30 3 ,30 , 30 3 ,30 , 30 
A t K x l t k @ + ^ k - ^ " ^ . y > H r ] d x d y = 0 ( 2 - 3 1 ) 
Since 0 has been d e f i n e d l i n e a r l y i n terms of x and y i n an e lement , 
a n a l y s i s of each term of Equat ions ( 2 . 2 9 ) , ( 2 . 3 0 ) and ( 2 . 3 1 ) y i e l d s a 
set of constants and va lues of 0 , 0 . , (6, . I n accordance w i t h Equat ion 
l J k 
( 2 . 1 6 ) the f o l l o w i n g d e r i v a t i v e s can now be t a k e n , 
3N. 3N. 3K 
3x 3 x i 3x j 3x k 
( 2 . 3 2 ) 
3 0 ± v 3x 3x 
( 2 . 3 3 ) 
3N. 3N. 9N. 
i _ b j _ b k _ b 
3x i ' 3x j * 3x k 
( 2 . 3 4 ) 
Thus, 
| ^ = b . 0 . + b . 0 . + b, 0. 9x l i 2 2 k k ( 2 . 3 5 ) 
3 0 . ^ 3 x ; b i 
( 2 . 3 6 ) 
S i m i l a r l y , 
^ 3N. 3N. 8N. 
3y 9y i ^y j ^y k 
( 2 . 3 7 ) 
IN. 
3 0 ± v 3 y / 3y 
( 2 . 3 8 ) 
Also, 
and 
3N, i 3N 3N, 
= c ( 2 . 3 9 ) 
| * *" C . 0 , + C . 0 . + 
3y 1 1 3 j k k 
(2.40) 
3 0 . C 3 y } ° i 
(2.41) 
3 , 3 0 v 




3 ( A 
3 0 k V 3 x / 
(2.43) 
3 , 3 0 s 




= c. (2.45) 
Assuming g ( x , y ) , and to be cons tan t w i th in the element , one can 
s u b s t i t u t e the r e s u l t s obtained above in to Equations (2 .29 ) , (2.30) and 
( 2 . 3 1 ) , to form the matr ix equat ion below. 
3 0 ^ " L S 
0 i 
M 0 j ) 





[S6] {0 6 } = {Fe} (2.47) 
where [S ] is known as element stiffness matrix and { F } is known as 
element load vector which have the forms shown in Equations (2.48) and 
(2.49), respectively. 
[S® ] = A[K b-b + K c c ] (2.48) l,m x 1 m y 1 mJ 
(2.49) 
where (l,m) coresponds to the columns and rows of matrix [S ]. The 
vector (F } is known from structural anology as the element load vector. 
In this study it will be referred to as load vector to have corespondence 
with other available literature. Also, the stiffness matrix might be 
given various names in relation to its different properties in different 
field problems. The various names used in the identification of the 
matrix reflect the desire on the part of engineers to explain mathematical 
concepts in terms of their physical counterparts. Originaly, the matrix 
has been caled "Stiffness Matrix" because the finite element method was 
primarily a method devised for structural analysis, and stiffness of 
a plate or a beam is a common concept for structural engineers. How­
ever, when the method is applied to field problems, such as seepage, 
"Stiffness Matrix" of a porous medium does not have any physical meaning 
related to the problem being analyzed. In field problems, the stiffness 
matrix for an element consists of the properties of the material in the 
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field (permeability, conductivity, etc.) and the nodal coordinates ex­
pressed in a local coordinate system. Thus, it could actually be caled 
an "Element Characteristic Matrix," "characteristic" in the sense that 
it contains shape characteristics (coordinates) and material properties. 
However, this matrix will be referred to as the stiffness matrix through­
out this thesis to assure corespondence with available literature. 
Referring to Equation (2.47), for an element, the elliptic partial 
differential equation is expressed as an algebraic equation through the 
variational approach. The same procedure is applied to all elements. 
Then, the total stiffness matrix is arrived at by combining the element 
stiffness matrices in a manner similar to the method used to obtain a 
structural stiffness matrix. For a field of elements, a system of banded 
equations results. Thus, 
[S] (0} = (F> (2.50) 
Here, [S] is the global matrix of coefficients (stiffness matrix) which 
incorporates the properties of the materials in the field and the geome­
try of the elements. (0) is the vector of unknown 0's at the nodes and 
{F} is the load vector. This system of equations can now be solved by 
a number of computational procedures for the unknown nodal values of 0. 
It is clear that the same type of formulation can be carried out 
for the partial differential equations where g(x,y) - 0. Thus, for the 
partial differential equation, 
f"(K |§) + |-(K | 4 ) = 0 (2.51) 
9 x xdx dy y9 y 
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the resulting equations w i l l be in the form 
[S] {0} =0 (2.52) 
where the stiffness matrix [S] has the same form as in Equation (2.50). 
Again, from this point on the same solution process follows which yields 
the unknown nodal values. 
Axisymmetric Elements 
In cylindrical coordinates the e l l i p t i c part ia l di f ferent ial 
equation, analyzed before, can be written as 
3 r ( K r 9 r } + r 3r + 3Q(7? 3^ + 3z ( Kz3z } " ° ( 2 ' 5 3 ) 
where , K^and are known functions of r, q, z. I f axial symmetry 
exists for the problem being analyzed then the part ia l derivatives with 
respect to 0 can be neglected. Thus, Equation (2.53) becomes, 
| _ ( k M ) + ! e M a M 
3r r3r r 3r 3z z3z 
This equation can be expressed in variational form as seen below, 
( 
I = 2tt 
A typical axisymmetric triangular element used in the solution of axi­
symmetric problems, is shown in Figure 6. 
R 
F i g u r e 6 . A n A x i s y m m e t r i c E l e m e n t 
I f 0 i s a s s u m e d t o b e l i n e a r w i t h i n t h e e l e m e n t , o n c e a g a i n a n 
e q u a t i o n s i m i l a r t o E q u a t i o n ( 2 . 1 6 ) c a n b e o b t a i n e d . T h u s , 
0 = [ N t N . N k ] {0 6} ( 2 . 5 6 ) 
F o r a x i s y m m e t r i c e l e m e n t s , N ^ , , a r e g i v e n a s 
N . = a . + b . r + c . z ( 2 . 5 7 ) 
i i i I 
N . = a + b . r + c . z ( 2 . 5 8 ) 
J J J J 
N k = a k + b k r + c k 2 ( 2 ' 5 9 ) 
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w h e r e 
r . z j , (2.60) 
2 l ( r i " r k } > C k = 2 l ( r i 
1 
From t h i s p o i n t , t h e p r o c e d u r e i s t h e same a s t h a t f o r p l a n e t r i a n g u l a r 
e l e m e n t s . T h u s , E q u a t i o n (2.54) c a n b e s o l v e d b y m a k i n g t h e f u n c t i o n a l 
i n E q u a t i o n (2.55) s t a t i o n a r y . T h i s l e a d s t o a n e q u a t i o n s i m i l a r t o 
E q u a t i o n ( 2 . 4 3 ) , n a m e l y 
w h e r e ( l , m ) c o r r e s p o n d t o r o w s a n d c o l u m n s o f m a t r i x [S ] , a n d V i s t h e 
v o l u m e o f a n e l e m e n t . A f t e r t h i s p o i n t , t h e same p r o c e d u r e i s a p p l i e d . 
F i r s t t h e i n d i v i d u a l e l e m e n t s a r e a s s e m b l e d , t h e n t h e s y s t e m o f l i n e a r 
a l g e b r a i c e q u a t i o n s i s s o l v e d f o r unknown 0 ' s . 
T h r e e d i m e n s i o n a l e l e m e n t s c a n a l s o b e u s e d i n t h e i d e a l i z a t i o n 
p r o c e s s . A l t h o u g h t h e c o m p u t e r p r o g r a m s d e v e l o p e d i n t h i s s t u d y u t i l i z e 
t w o - d i m e n s i o n a l e l e m e n t s , t h e y c a n b e e a s i l y e x t e n d e d t o t h r e e d i m e n s i o n a l 
s t u d i e s . 
[ S 6 ] { 0 6} = 0 (2.61) 
and [S ] h a s t h e f o r m , 
[sf ] 
1 ,m 
V[K b , b + K c , c 1 
r i m z 1 m (2.62) 
Parabolic Partial Differential Equations 
Many problems in physics and engineering require numerical solu­
tion of the linear parabolic partial differential equations. In two-
dimensional cartesian coordinates, this equation can be written as 
3_ ( K |4) + a-oijLi) + g ( x , y ) . K a i 
dxxdx 3yy9y t s t 
(2.63) 
where K , K , K and g(x,y) are known functions of x and y. x y t 
Derivation of finite element equations of Equation (2.63) can 
be based on the utilization, of restricted variational forms or on 
Galerkin's method. If one assumes that the conditions at a particular 
instant are analyzed, the time variation of 0 in Equation (2.63) can be 
considered as a prescribed function of position only. Then, the asso­




[ % ^ - ) 2 + \ & ) 2 - g0 + K %]dxdy (2.64) 
When Equation (2.64) is made stationary, the resulting equation has the 
form below. 




^ 3 0. 
A 
N. K 






N̂g dxdy (2.65) 
However, as mentioned earlier, this is not a solution to an exact vari­
ational form. Thus, instead of working on restricted variational forms 
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and trying to fit a variational functional to the problem at hand, one 
can utilize the Galerkin method which is a more direct approach to 
arrive at the integral equations of finite element analysis [17], [11], 
[53] . 
The Galerkin method of approximation can be described as folows 
[8]. Suppose that a solution to a differential equation 
L {0} = g(x,y) (2.66) 
is required, where 0 is a function satisfying boundary conditions, and 
L is a linear differential operator. If the function 0 is approximated 
by a trial function having the form 
N.(x,y)0. (2.67) 
i=l 
then the Galerkin method, which is sometimes referred to as "The Method 
of Weighting Functions," consists of requiring the weighted integral 
residual of the differential equation to be equal to zero. Accordingly, 
ff [L (0> - g(x,y)] M. dxdy = 0, i = l,2,...,n (2.68) A 
where M̂ is an arbitrary weighting function. Similar to previous formu­
lations, Equations (2.67) and (2.68) result in n simultaneous equations 
to be solved. 
Thus, by equating the weighted integral residual of the parabolic 
partial differential equation to zero one can form the i*"̂  integral 
finite element equation of Equation (2.63). Thus, 
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ff \ [ik^b+&sk)] 2] N l 0 1 + 
L = I 
N 0 X } D X D Y = 0 ( 2 . 6 9 ) 
T H E S E C O N D O R D E R D I F F E R E N T I A L T E R M S A P P E A R I N G I N T H E I N T E G R A L E Q U A T I O N 
A B O V E N E C E S S I T A T E T H E C O N T I N U I T Y O F T H E F I R S T D E R I V A T I V A T I V E S O F T H E 
F U N C T I O N 0. T H I S C A N B E T A K E N C A R E O F B Y I N C L U D I N G A D D I T I O N A L B O U N D A R Y 
T E R M S I N T H E I N T E G R A L E Q U A T I O N A B O V E . T H I S P R O C E S S S U G G E S T E D B Y C . V . 
S M I T H , J R . I S E X P L A I N E D I N D E T A I L I N R E F E R E N C E [ 3 8 ] . T H E W E I G H I N G 
F U N C T I O N , M ^ , I S C H O S E N A S W H I C H I S D E F I N E D B Y E Q U A T I O N ( 2 . 1 2 ) A N D 
0 I S D E F I N E D B Y E Q U A T I O N ( 2 . 1 6 ) , A S B E F O R E . S E C O N D D E R I V A T I V E S A P P E A R I N G 
I N T H E F I R S T T W O T E R M S O F T H E E Q U A T I O N ( 2 . 6 9 ) C A N B E M O D I F I E D B Y U S I N G 
G R E E N ' S T H E O R E M . T H U S , 
ff f 
U Y V D A = -
f 
( V U ) • ( V V ) D A + 
Ik 
U V V • N D S ( 2 . 7 0 ) 
W H E R E V U I S G R A D I E N T O F U A N D N I S U N I T O U T W A R D N O R M A L , S U C H T H A T 
W • N D S = D S ( 2 . 7 1 ) 
T H U S E Q U A T I O N ( 2 . 6 9 ) T A K E S T H E F O R M 
D N . \ 1 B N B N . ^ B N 
( T ^ / K ^ + ) K ~ ) 0 , D X D Y + 
B X Z 1 X B X D Y / A Y B Y 1 
L = I L = I 
ff G D X D Y 
A 
N . K 
B0 
1 
I T Z 1 1 B T 
A 1 = 1 
D X D Y + 
B N , 
( K 
L = I 
- • N 
X B X X 
B N 
+ K — - • N ) 0 , D S = 0 
Y B Y Y 1 
( 2 . 7 2 ) 
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w h e r e n , n a r e t h e d i r e c t i o n c o s i n e s o f t h e o u t w a r d n o r m a l t o t h e 
x y 
b o u n d a r y s u r f a c e . The s u r f a c e i n t e g r a l i n t h e a b o v e e q u a t i o n e x i s t s 
o n l y f o r t h e b o u n d a r y e l e m e n t s [ 3 8 ] . T h u s , E q u a t i o n ( 2 . 7 2 ) r e d u c e s t o 
E q u a t i o n ( 2 . 6 5 ) when b o u n d a r y c o n d i t i o n s a r e o f t h e D i r i c h l e t t y p e . I f 
t h e b o u n d a r y c o n d i t i o n s a r e o f Neumann t y p e , t h e a d d i t i o n a l l i n e i n t e g r a ­
t i o n t e r m w i l l a l s o e x i s t i n E q u a t i o n ( 2 . 6 5 ) , w h i c h i s c h a r a c t e r i s t i c o f 
n a t u r a l b o u n d a r y c o n d i t i o n s o f v a r i a t i o n a l f o r m s . 
The same p r o c e d u r e c a n b e c a r r i e d o u t f o r o t h e r n o d e s , a n d t h e 
m a t r i x e q u a t i o n t a k e s t h e f o r m 
[ S e ] {0} + [ P e ] { | ^ } = { F e } ( 2 . 7 3 ) 
e e 
w h e r e [S ] h a s t h e f o r m g i v e n i n E q u a t i o n ( 2 . 4 8 ) , a n d {F } h a s t h e f o r m 
g i v e n i n E q u a t i o n ( 2 . 4 9 ) , a n d [P ] h a s t h e f o r m g i v e n b e l o w , 
l , m ] = 1 
[ 1 2 a * + b . b (X) + ( b . c + c b . ) (XY) + c . c ( Y ) ] ( 2 . 7 4 ) 
1 m 1 m 1 m m l 1 m 
w h e r e ( l , m ) c o r r e s p o n d s t o c o l u m n s a n d r o w s o f m a t r i x [P ] , a n d 
x 
2 
1 ( 2 . 7 5 ) 






l = i 
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At this point, the asembly of elements results in total [S] and 
[P] matrices and a total { F } vector for the continuum considered. Thus, 
the final form of the finite element equations is 
m { 0 } + [P] g-| = { F } (2.78) 
To proceed with the transient part of the solution, it wil be 
8 0 
asumed that -— associated with each degree of fredom of the discrete 
a t 
system varies linearly within a time increment (At), as first suggested 
by Clough and Wilson [46]. Thus, from a direct integration over the 
time interval,At for all nodal points, the folowing equation for 0 at 
the end of a time interval can be obtained. 
m t - m (2.79) 
t-At \ /t-At 1 It 
or, 
'ail - . [aft] + i m . {0} ]2_ (2.80) 
Thus, if the initial values of 0 are known, Equations (2.78) and (2.80) 
can be solved simultaneously to obtain the values of 0 at the time 
(t + At). Details of this numerical process wil be given in Chapter 
III, and at this point, it is clear that these simultaneous solutions 
are carried out on a simultaneous set of equations. 
Axisymmetric Elements 
The procedure explained above can also be used to solve transient 
axisymmetric problems. In order to avoid repetition, the mathematical 
formulation wil not be given again. If the solution to an axisymmetric 
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p a r t i a l d i f f e r e n t i a l e q u a t i o n 
a-(K M + ! k M + | _ ( K M ) = K ( 2 . 8 i ) 
$r r d r r d r d z z d z ' t d t v 
i s r e q u i r e d , t h e n , f o r a n e l e m e n t , t h e f i n i t e e l e m e n t e q u a t i o n w i l l b e , 
[ S 6 ] {0} + [ P 6 ] {ff } = 0 ( 2 . 8 2 ) 
e e 
w h e r e [ S ] a n d [ P ] h a v e t h e r e s p e c t i v e f o r m s s h o w n b e l o w . 
[ S ® ] = V [ K b b + K c c ] ( 2 . 8 3 ) 
l , m r i m z 1 m 
K V 
[ P ® ] - ^ - [ 1 2 a a + b b ( R ) + ( b e + b c ) ( R Z ) + c . c ( Z ) ] ( 2 . 8 4 ) 
l , m I z l m 1 m i m m i i m 
a n d 
R = / ? \ ( 2 . 8 5 ) 
1=1 
j > k 
Z = \ z 2 ( 2 . 8 6 ) 
l = f 
R Z = V " 1 r ^ ( 2 . 8 7 ) 
1=1 
T h u s , a f t e r a n a s s e m b l y p r o c e s s , u s i n g t h e p r o c e d u r e e x p l a i n e d b e f o r e , 
i t i s p o s s i b l e t o s o l v e f o r t h e v a l u e s o f 0 a t ( t + A t ) i f t h e i n i t i a l 
c o n d i t i o n s a r e k n o w n . 
C o n v e c t i v e D i f f u s i o n E q u a t i o n 
I f t h e t r a n s p o r t o f s o m e q u a n t i t y ( t r a c e r ) i n a f l o w i n g f l u i d i s 
a n a l y z e d , t h e n t h e d i f f e r e n t i a l e q u a t i o n d e s c r i b i n g t h e p h e n o m e n a i n 
t w o - d i m e n s i o n a l r e c t a n g u l a r c o o r d i n a t e s t a k e s t h e f o r m 
A _ ( K 3 1 ) + 3 _ ( K 3-1) - u — - v — = K ^ ( 2 . 8 8 ) 
3 x v x 3 x y 3 y v y3 y 3 x 3 y t3 t 
3 0 
w h e r e 0 r e p r e s e n t s t h e c o n c e n t r a t i o n o f t h e t r a c e r i n q u e s t i o n , u-— a n d 
v~^- r e p r e s e n t t h e c o n v e c t i o n o r a d v e c t i o n o f t h e t r a c e r i n x a n d y 
3 y 
d i r e c t i o n s , r e s p e c t i v e l y , a n d t h e f i r s t two t e r m s on t h e l e f t s i d e o f 
E q u a t i o n ( 2 . 8 8 ) r e p r e s e n t t h e t r a n s p o r t o f m a t e r i a l t h r o u g h d i f f u s i o n , 
f o l l o w i n g t h e c o n v e n t i o n o f B i r d e t a l . [ 5 ] . I n E q u a t i o n ( 2 . 8 8 ) K a n d 
Ky a r e d i f f u s i o n c o e f f i c i e n t s a n d u a n d v a r e v e l o c i t y c o m p o n e n t s 
i n x a n d y d i r e c t i o n s , r e s p e c t i v e l y , a l l o f w h i c h a r e a s s u m e d t o b e 
known f u n c t i o n s o f x a n d y . T h u s , t h e i r v a l u e s c a n b e a s s u m e d t o b e 
c o n s t a n t w i t h i n a n e l e m e n t . A l s o K i s t h e t i m e c o n s t a n t w h i c h i s u s u a l l y 
t 
e q u a l t o u n i t y i n d i f f u s i o n p r o b l e m s . 
Once a g a i n , f i n i t e e l e m e n t e q u a t i o n s c a n b e f o r m u l a t e d e i t h e r 
t h r o u g h t h e u s e o f r e s t r i c t e d v a r i a t i o n a l f o r m s o r t h r o u g h G a l e r k i n ' s 
m e t h o d . I f o n e a s s u m e s t h a t c o n d i t i o n s a t a p a r t i c u l a r i n s t a n t a r e 
a n a l y z e d , t h e n t h e a s s o c i a t e d r e s t r i c t e d v a r i a t i o n a l f o r m w h i c h h a s t o 
b e m a d e s t a t i o n a r y b e c o m e s ( s e e A p p e n d i x B) 
f( v ? K o _ xu _ y v 
w h e r e K x , Ky , u a n d v a r e u n i f o r m c o n s t a n t s o f t h e p r o b l e m a n d 0 i s t h e 
unknown f u n c t i o n . When E q u a t i o n ( 2 . 8 9 ) i s made s t a t i o n a r y t h e r e s u l t i n g 
• t h . , , 
I e q u a t i o n h a s t h e f o r m b e l o w . 
ff 
) )K 
xu yv j jk j ,k 
K K BN. \ 1 3N, 3N, t 1 9N L3 x 
l=i 
K —=- + — ) K-^]01dxdy 
K K V~f 30. 
+ 
) K 
iv \ i 
X y N. K ) N. d̂xdy = 0 
l t / 1 3t 3 
(2.90) 
1=1 
Before working on a stationary principle, Equation (2.89) can be written 
in a simpler form using the transformation 
^ K K } 





2 Sx; 2 V3y; V2 3x 2 3y ^ 
+ <lir + fir>0'2 + 0, ff}dx Qy 
x y 
(2.92) 
As before, a stationary principle at this point will result in matrix 
equation 
[S6] {0'} + | P e ] {^-> = 0 (2.93) 
where, 
2 2 
[S6] = A[K b b +Kc l C + ~ (a-b + ab)+^(a l C + a c ) +(7— + 7—) xlm ylm 2 lm ml 21m ml 4K 4K x y 
X XY Y 
(alCm + blbml2 + (blCm + V l ' u + ClCml2)] (2.94) 
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where 1 and m again correspond to rows and columns of the mat r ix 
[ S 6 ] , X, Y and XY are as given by Equations (2 .75 ) , (2.76) and (2 .77 ) , 
and [P ] i s given by Equation ( 2 . 7 4 ) . From here on assembly of elements 
r e s u l t in t o t a l [S] and [P] mat r ices which can be solved for the unknown 
nodal va lues by using the procedure explained p r e v i o u s l y . The only 
a d d i t i o n being the t ransformat ion of the r e s u l t s , again us ing Equation 
(2 .91 ) . 
However, Equation (2.90) can a l so be der ived i f the Galerkin 
method i s u t i l i z e d to a r r i v e a t the i n t e g r a l equat ions of the f i n i t e e le­
ment method. However, t h i s time e i t h e r through phys i ca l reasoning or 
through observing the exact v a r i a t i o n a l form of s teady convect ive d i f fu ­
sion equa t ion , which i s 
( 
I = 
K _ 2 K _ 2 " V 
the weighing funct ion for the i ^ equat ion i s chosen a s , 
xu yv 
"K ' K 
M. = N. e X y (2.96) I I 
Thus, forming the weighted i n t e g r a l r e s i d u a l of Equation (2.88) and 
s e t t i n g i t equal to zero one can w r i t e , 
xu yv 
f f " K~ " K 
N. e X * [ § - (K j U + 3 ( K 9 ) 
I dx x 3x 3y y 3y A 








xu I X j , k 
" K K \ 1 











j , k 
J 
3 N 1 9 K — - + f - [ N . e 
X D X D Y 1 
l = i 
3N. 
3x " 1 0 d x d y -
N. e 
l 
l = i 
xu y v j , k 
K 
K K 
x y , 
t / j i a t 
l = i 
d x d y + 
S I _ y v j L -
K K X 1 3N. 
x Y 
l = i 




v ) ——0,dxdy 
D Y * T 
l = i 
j , k xu _ y v 
K K \ 
N. e x Y ) K — L 0 d s = 0 
l = i 
a N 2 
j I 9n~ T 
( 2 . 9 8 ) 
A g a i n t h e s u r f a c e i n t e g r a l a p p e a r s o n l y f o r b o u n d a r y e l e m e n t s . T h e f i r s t 
i n t e g r a l o f E q u a t i o n ( 2 . 9 8 ) c a n b e w r i t t e n a s 
( e 
A 
xu y v j , k j , k 
K K S N . V ^ 3N, 3N.V 1 8N-
1=1 l = i 
+ 
xu y v J 5 k 
K " K V - 1 3N. 
N. e x y u 
ff 
A Z I 
l = i 
: 0 . d x d y + 
»x • 1 
j , k 
N. e 
I 
xu y v 
K K 
x y 
l = i 
' 3N 
j 3y 1 ( 2 . 9 9 ) 
When s u b s t i t u t e d b a c k i n t o E q u a t i o n ( 2 . 9 8 ) , t h e l a s t two i n t e g r a l s o f 
E q u a t i o n ( 2 . 9 9 ) w i l l c a n c e l t h e s e c o n d a n d t h i r d i n t e g r a l s o f E q u a t i o n 
( 2 . 9 8 ) l e a v i n g t h e i t b i n t e g r a l f i n i t e e l e m e n t e q u a t i o n a s 
f 
X U Y_V J , K J , K 
( ~ K " K 3 N . \ ' 3 N , 3 N . V ^ 3 N 
7 [ ^ ) K + K - ^ ] 0 D X D Y 
J A Z _ J X Y Y 3 Y 
L = I L = I 
X U Y V J , K ^ Z I J > K 
( ( ' K K 3 0 f K K V — I 3 N 
+ J JANI E X 7 K T 2̂  N L 3 ^ dxdy = j N I 6 X 7 ^ K L 3 N ^ L D S 
1 = 1 ( 2 . 1 0 0 ) 
E Q U A T I O N ( 2 . 1 0 0 ) R E D U C E S T O E Q U A T I O N ( 2 . 9 0 ) W H E N B O U N D A R Y C O N D I T I O N S A R E 
O F D I R I C H L E T T Y P E , A S E X P L A I N E D B E F O R E . F R O M H E R E O N , T H E S A M E E Q U A T I O N S 
C A N B E D E V E L O P E D F O R S T I F F N E S S A N D M A S S M A T R I C E S . 
B O U N D A R Y C O N D I T I O N S 
T H E G E N E R A L F O R M O F T H E B O U N D A R Y C O N D I T I O N S F R E Q U E N T L Y E N C O U N T E R E D 
I N T H E S O L U T I O N O F F I E L D P R O B L E M S C A N B E W R I T T E N A S 
a0 + a — + X = 0 ( 2 . 1 0 1 ) 
O N 
W H E R E 0 I S T H E U N K N O W N F U N C T I O N B E I N G S E A R C H E D F O R A N D A , A A N D X A R E 
S O M E K N O W N C O N S T A N T S , A N D ~ I S T H E D E R I V A T I V E O F 0 N O R M A L T O T H E 
3 N 
B O U N D A R Y . O N T H E B A S I S O F E Q U A T I O N ( 2 . 1 0 1 ) , T H R E E T Y P E S O F P R O B L E M S 
C A N B E I D E N T I F I E D , D E P E N D I N G O N T H E T Y P E O F T H E B O U N D A R Y C O N D I T I O N . 
A ) T H E D I R I C H L E T P R O B L E M ; W H E N I N E Q U A T I O N ( 2 . 1 0 1 ) A = 0 . T H A T 
I S , 0 I S S P E C I F I E D O N T H E B O U N D A R Y . 
B ) T H E N E U M A N N P R O B L E M ; W H E N I N E Q U A T I O N ( 2 . 1 0 1 ) CT= 0 . T H A T 
I S , N O R M A L D E R I V A T I V E S O F 0 A R E S P E C I F I E D O N T H E B O U N D A R Y . 
C ) T H E C A U C H Y P R O B L E M ; W H E N T H E B O U N D A R Y C O N D I T I O N S H A V E T H E 
G E N E R A L F O R M G I V E N B Y E Q U A T I O N ( 2 . 1 0 1 ) . 
F O R E X A M P L E , P R O B L E M S O F F L O W T H R O U G H P O R O U S M E D I A A R E U S U A L L Y O F 
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mixed boundary value type, where Dirichlet conditions apply over a part 
of the boundary, and Neuman  or Cauchy conditions apply over the rest 
of the boundary. If a case with a free surface is considered, the 
problem becomes a special and interesting one. The location of the 
free surface is not known a priori and has to be found as part of the 
3 0 
solution. The free surface is both a stream line (where r— = 0 and 
3 n 
0 = y + and a line of constant pressure (where 0 = y) . Thus, in a 
way, an additional boundary condition is given instead of the location 
of the boundary. This makes the free surface problem theoretically 
solvable. In fact, such a solution has been recently provided by Finn 
[ 2 5 ] . 
Treatment of complex boundary conditions in finite element analysis 
is relatively simple compared to other numerical procedures. This 
characteristic of the finite element analysis is even more clear when 
the derivation of finite element equations are based on the methods of 
variational calculus, Berg [4], Hildebrand [23]. 
The importance of the natural boundary conditions in variational 
analysis lies in the fact that, by adding suitable boundary terms to a 
functional, it is possible to alter the natural boundary conditions with­
out changing the Euler equation. For example, for the functional 
(( 2 2 
I = [ < f f ) + ?S ] dxdy ( 2 . 1 0 2 ) 
the Euler equation of which is Laplace's equation, the natural boundary 
condition is ^ = 0 ( 2 . 1 0 3 ) 
3 n 
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I f some b o u n d a r y t e r m s a r e a d d e d t o t h e f u n c t i o n a l ( 2 . 1 0 7 ) , 
I = 
f / 2 2 / 
[ ( | f ) ) + ( f ~ ) ] d x d y + f ( s ) 0 2 d s ( 2 . 1 0 4 ) 
w h e r e f ( s ) i s a n a r b i t r a r y known f u n c t i o n , t h e n t h e f u n c t i o n a l ( 2 . 1 0 4 ) 
h a s a g a i n t h e L a p l a c e ' s e q u a t i o n a s i t s E u l e r e q u a t i o n , b u t t h e n a t u r a l 
b o u n d a r y c o n d i t i o n b e c o m e s 
f + f ( . ) 0 - O ( 2 . 1 0 5 ) 
w h i c h m e a n s t h a t a c o m b i n a t i o n o f t h e n o r m a l d e r i v a t i v e a n d t h e f u n c t i o n 
i t s e l f i s s p e c i f i e d f o r t h e g i v e n b o u n d a r y r e g i o n . I f t h e b o u n d a r y 
t e r m s a d d e d a r e o f t h e f o r m shown i n E q u a t i o n ( 2 . 1 0 6 ) 
I = " t ( f ) 2 + ( | ) 2 ] ^ d y + 
J J * 
f ( s ) 0 d s ( 2 . 1 0 6 ) 
t h e n t h e f u n c t i o n a l a g a i n h a s t h e L a p l a c e ' s e q u a t i o n a s i t s E u l e r e q u a ­
t i o n , b u t t h e a s s o c i a t e d n a t u r a l b o u n d a r y c o n d i t i o n b e c o m e s 
_30 
3n + f ( s ) = 0 ( 2 . 1 0 7 ) 
w h i c h m e a n s t h a t n o r m a l d e r i v a t i v e i s s p e c i f i e d f o r t h e g i v e n b o u n d a r y 
r e g i o n . F o r s u c h b o u n d a r y c o n d i t i o n s , t h e f i n i t e e l e m e n t e q u a t i o n s w i l l 
n o t b e c h a n g e d t o t a l l y b u t t h e r e w i l l b e some a d d i t i o n a l t e r m s r e s u l t i n g 
f r o m t h e s t a t i o n a r y v a l u e o f t h e l a s t : i n t e g r a l i n E q u a t i o n s ( 2 . 1 0 4 ) a n d 
( 2 . 1 0 6 ) f o r t h o s e e l e m e n t s t h a t a r e on t h e b o u n d a r y . 
Once t h e f i n a l f o r m o f t h e m a t r i x e q u a t i o n s i s o b t a i n e d , b o u n d a r y 
c o n d i t i o n s m u s t b e i n s e r t e d w h i c h p e r m i t t h e s o l u t i o n o f t h e s i m u l t a n e o u s 
equa t i ons . When the va lue of 0 i s given as a boundary cond i t ion of a 
s p e c i f i c problem, these values a r e simply i n s e r t e d in a l l the a p p r o p r i a t e 
equat ions as known nodal v a l u e s . I f Neumann boundary condi t ions are 
spec i f ied for an element on the boundary, then Equation (2.106) should 
be made s t a t i o n a r y for t h a t boundary element which w i l l give a d d i t i o n a l 
terms for the nodes on the boundary. 
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CHAPTER I I I 
NUMERICAL ANALYSIS 
G e n e r a l 
I t s h o u l d b e p o i n t e d o u t h e r e t h a t n u m e r i c a l s o l u t i o n s o b t a i n e d 
f o r a p r o b l e m a r e n o b e t t e r t h a n t h e m a t h e m a t i c a l m o d e l s f r o m w h i c h t h e y 
a r e d e r i v e d . I t i s a l s o w e l l known t h a t , f o r c o m p l i c a t e d p r o b l e m s , 
e n g i n e e r i n g m a t h e m a t i c a l a n a l y s i s i s n e v e r p r e c i s e l y c o m p l e t e b e c a u s e 
t h e m a t h e m a t i c a l m o d e l i s u s u a l l y a s o m e w h a t s i m p l i f i e d o n e , o w i n g i n 
p a r t t o t h e i n c o m p l e t e u n d e r s t a n d i n g o f t h e p h y s i c a l s y s t e m i n q u e s t i o n . 
L e s s e s s e n t i a l a s p e c t s may b e n e g l e c t e d , c e r t a i n l i n e a r i z a t i o n s a r e p r e ­
s u m e d , o r p a r t i c u l a r a s p e c t s a r e a s s u m e d c o n s t a n t i n t h e r a n g e u n d e r 
c o n s i d e r a t i o n s o a s t o y i e l d m a t h e m a t i c a l m o d e l s t r a c t a b l e u n d e r t h e 
a p p l i c a t i o n o f t h e a v a i l a b l e a n a l y t i c a l t o o l s . N o n e t h e l e s s , i f a m o d e l 
s e r v e s t o d e s c r i b e t h e p h e n o m e n a u n d e r c o n s i d e r a t i o n w i t h s u f f i c i e n t 
a c c u r a c y , i t m u s t b e r e g a r d e d a s a u s e f u l o n e . T h u s , i t r e m a i n s f o r t h e 
e n g i n e e r t o d e c i d e w h a t a p p r o x i m a t i o n s t o m a k e a n d when a n d u n d e r w h a t 
c i r c u m s t a n c e s t h e a p p r o x i m a t e m o d e l d e s c r i b e s t h e r e a l s y s t e m s u f f i c i e n t l y 
a c c u r a t e . 
I n some d e t a i l e d s t u d i e s , e v e n i f t h e m a t h e m a t i c a l m o d e l s , i . e . 
t h e d i f f e r e n t i a l e q u a t i o n s , a r e f o r m u l a t e d a c c u r a t e l y t h e i r e x a c t 
a n a l y t i c a l s o l u t i o n may p r o v e t o b e b e y o n d t h e r e a c h o f p u r e l y m a t h e ­
m a t i c a l a n a l y s i s . One b a s i c way o f d e a l i n g w i t h s u c h c a s e s i n v o l v e s t h e 
s o l u t i o n o f t h e g o v e r n i n g e q u a t i o n s o f t h e p r o b l e m b y u s i n g t h e n u m e r i c a l 
m e t h o d s . T h i s mode o f a n a l y s i s i s p r o v i n g t o b e u s e f u l f o r a n i n c r e a s ­
i n g n u m b e r o f p r e v i o u s l y u n s o l v e d a n d u n s o l v a b l e p r o b l e m s . 
I n d e v e l o p i n g a g e n e r a l c o m p u t a t i o n a l s c h e m e i n t h i s t h e s i s , t h e 
u s u a l f i n i t e d i f f e r e n c e t e c h n i q u e s , w h i c h h a v e b e e n w i d e l y u s e d i n s o l v ­
i n g d i f f e r e n t i a l e q u a t i o n s n u m e r i c a l l y , h a v e b e e n a v o i d e d . The m a i n 
e m p h a s i s h a s b e e n g i v e n t o t h e r e l a t i v e l y r e c e n t " F i n i t e E l e m e n t M e t h o d " . 
The m a i n r a t i o n a l e i n t h i s a t t e m p t i s t h e a d v a n t a g e s w h i c h t h e f i n i t e 
e l e m e n t a n a l y s i s p o s s e s s e s o v e r o t h e r n u m e r i c a l s c h e m e s i n t h e s o l u t i o n 
o f f i e l d p r o b l e m s . 
I n C h a p t e r s I a n d I I o f t h i s t h e s i s a n o u t l i n e o f t h e f i n i t e 
e l e m e n t m e t h o d a n d d e t a i l e d f o r m u l a t i o n s o f m a t h e m a t i c a l e q u a t i o n s f o r 
s o l v i n g e l l i p t i c a n d p a r a b o l i c d i f f e r e n t i a l e q u a t i o n s a r e g i v e n . I n 
t h i s c h a p t e r , t h e m a i n c o n s i d e r a t i o n w i l l b e g i v e n t o t h e n u m e r i c a n d 
c o m p u t e r p h a s e o f f i n i t e e l e m e n t a n a l y s i s . I n d o i n g s o , some c o m p a r i ­
s o n s w i t h t h e o t h e r w i d e l y u s e d n u m e r i c a l p r o c e d u r e , " T h e F i n i t e D i f f e r ­
e n c e M e t h o d , " w i l l b e p r e s e n t e d . 
B o t h f i n i t e e l e m e n t a n d f i n i t e d i f f e r e n c e m e t h o d s s e e k t o r e p l a c e 
t h e d i f f e r e n t i a l e q u a t i o n s b y s i m u l t a n e o u s a l g e b r a i c e x p r e s s i o n s w h i c h 
g i v e r e l a t i o n s b e t w e e n v a l u e s o f t h e d e p e n d e n t v a r i a b l e a n d t h e v a l u e s 
o f t h e i n d e p e n d e n t v a r i a b l e o r v a r i a b l e s . T h e n u m e r i c a l s o l u t i o n t h e n 
c o n s i s t s i n s o l v i n g a s e r i e s o f s i m u l t a n e o u s a l g e b r a i c e q u a t i o n s f o r t h e 
v a l u e s o f t h e d e p e n d e n t v a r i a b l e a t a n u m b e r o f d i s c r e t e p o i n t s t h r o u g h ­
o u t t h e s o l u t i o n f i e l d . D i f f e r e n c e s b e t w e e n t h e v a r i o u s m e t h o d s l i e o n l y 
i n t h e p r o c e d u r e s u s e d t o a r r i v e a t t h e n o d e p o i n t e q u a t i o n s . I n f i n i t e 
d i f f e r e n c e m e t h o d s , t h e d o m a i n o f t h e i n d e p e n d e n t v a r i a b l e s i s r e p l a c e d 
b y a f i n i t e s e t o f p o i n t s , u s u a l l y r e f e r r e d t o a s m e s h p o i n t s , a n d o n e 
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s e e k s t o d e t e r m i n e t h e a p p r o x i m a t e v a l u e s o f t h e d e s i r e d s o l u t i o n a t 
t h e s e m e s h p o i n t s . The v a l u e s a t t h e m e s h p o i n t s a r e r e q u i r e d t o s a t i s f y 
t h e d i f f e r e n c e e q u a t i o n s o b t a i n e d e i t h e r b y r e p l a c i n g p a r t i a l d e r i v a t i v e s 
b y d i f f e r e n c e q u o t i e n t s , o r b y c e r t a i n o t h e r m o r e s o p h i s t i c a t e d t e c h ­
n i q u e s w h i c h i n t u r n l e a d t o a s e r i e s o f s i m u l t a n e o u s a l g e b r a i c e q u a t i o n s 
r a t h e r t h a n d i f f e r e n t i a l e q u a t i o n s . D e t a i l e d t r e a t m e n t o f t h e f i n i t e 
d i f f e r e n c e m e t h o d s , w h i c h w i l l n o t b e p r e s e n t e d h e r e , c a n b e f o u n d i n 
C o l l a t z [ 9 ] , H i l d e b r a n d [ 2 2 ] a n d V a r g a [ 4 1 ] . I n t h e f i n i t e e l e m e n t 
t e c h n i q u e , t h e s o l u t i o n f i e l d i s d i v i d e d i n t o f i n i t e e l e m e n t s . T h e n , 
t h e g o v e r n i n g d i f f e r e n t i a l e q u a t i o n s o f t h e p r o b l e m a r e s o l v e d o v e r e a c h 
e l e m e n t i n t e r m s o f t h e s o l u t i o n v a l u e s a t c e r t a i n p o i n t s , w h i c h r e s u l t 
i n a n a l g e b r a i c e x p r e s s i o n f o r t h e e l e m e n t . When a l l s u c h e l e m e n t s a r e 
a s s e m b l e d , a s e t o f s i m u l t a n e o u s a l g e b r a i c e q u a t i o n s a r e o b t a i n e d . 
I n p a r t i c u l a r , i f a u n i f o r m r e c t a n g u l a r f i n i t e e l e m e n t m e s h i s 
c h o s e n t o a p p r o x i m a t e t h e f i e l d , a d i r e c t c o m p a r i s o n b e t w e e n f i n i t e e l e ­
m e n t a n d f i n i t e d i f f e r e n c e e q u a t i o n s c a n b e m a d e . To b e a b l e t o make 
t h i s c o m p a r i s o n , r e s u l t a n t a l g e b r a i c e q u a t i o n s f o r a g r i d shown i n 
F i g u r e 7 w i l l b e d e v e l o p e d f o r t h e f i n i t e e l e m e n t a n a l y s i s a n d c o m p a r e d 
w i t h known e q u a t i o n s o f t h e f i n i t e d i f f e r e n c e a n a l y s i s . 
A s s e m b l y o f E l e m e n t s 
I n p r e v i o u s c h a p t e r s c e r t a i n m a t r i x e q u a t i o n s h a v e b e e n d e v e l o p e d 
on t h e b a s i s o f t h e t y p e o f e l e m e n t a n d t h e t y p e o f t h e p r o b l e m b e i n g 
a n a l y z e d . T h e s e g o v e r n i n g m a t r i x e q u a t i o n s a r e f o r m u l a t e d f o r a s i n g l e 
t y p i c a l e l e m e n t i n t h e f i e l d . The f o r m o f t h e s e m a t r i x e q u a t i o n s m a i n l y 
d e p e n d s o n t h e a s s u m p t i o n o f t h e m a t h e m a t i c a l f o r m f o r t h e p r i m a r y 
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u n k n o w n o f t h e p r o b l e m a n d on t h e t y p e o f s o l u t i o n t e c h n i q u e u s e d . The 
i n t e r e s t i n g p o i n t i s t h a t s t r u c t u r a l o r n o n - s t r u c t u r a l e l e m e n t s c a n b e 
i d e n t i c a l i n s h a p e . F u r t h e r m o r e , t h e t r i a n g l e i n e l a s t i c i t y p r o b l e m s 
c a n h a v e t h e same f o r m f o r d i s p l a c e m e n t s a s a s i m i l a r f l u i d f l o w e l e m e n t 
h a s f o r v e l o c i t y p o t e n t i a l o r s t r e a m f u n c t i o n . The m a j o r d i f f e r e n c e 
b e t w e e n t h e e l a s t i c i t y a n d f l u i d f l o w p r o b l e m s l i e s i n t h e b o u n d a r y c o n ­
d i t i o n s t o b e s a t i s f i e d a n d i n t h e d i f f e r e n t i a l e q u a t i o n s t o b e s o l v e d . 
I n o t h e r w o r d s , t h e n u m e r i c a l s o l u t i o n and t h e a s s e m b l y p r o c e d u r e w i l l 
b e I d e n t i c a l i n b o t h c a s e s . 
I n p r a c t i c e , t h e a s s e m b l y o f e l e m e n t s t o f i n d a g l o b a l s t i f f n e s s 
m a t r i x f o r t h e c o n t i n u u m t o b e a n a l y z e d , i s p e r f o r m e d a u t o m a t i c a l l y b y 
a d i g i t a l c o m p u t e r . H o w e v e r , t h i s o p e r a t i o n w i l l b e p e r f o r m e d a l g e b r a i ­
ca l ly h e r e i n o r d e r t o p r o v i d e a c o m p a r i s o n w i t h a t y p i c a l f i n i t e d i f f e r ­
e n c e f o r m u l a t i o n [ 5 2 ] , [ 5 0 ] , 
I n t h i s e x a m p l e , t h e a s s e m b l y p r o c e d u r e f o r a t y p i c a l t r i a n g u l a r 
e l e m e n t w i l l b e p r e s e n t e d w h i c h w i l l u t i l i z e t h e m a t r i x e q u a t i o n s o f t h e 
p r e v i o u s l y d e v e l o p e d e l l i p t i c e q u a t i o n . 
R e f e r r i n g b a c k t o E q u a t i o n ( 2 . 4 7 ) , t h e g e n e r a l m a t r i x e q u a t i o n 
f o r a n e l e m e n t c a n b e w r i t t e n a s 
A t y p i c a l e l e m e n t o f t h e s t i f f n e s s m a t r i x h a s t h e f o r m ( a s s u m i n g i s o ­
t r o p i c m a t e r i a l i n t h e e l e m e n t t o a v o i d c o m p l i c a t i o n s i n t h e a l g e b r a ) 
[ S e ] { 0 6 } = { F 6 } ( 3 . 1 ) 
= K A ( b n b + c . c ) 1 m 1 m 
( 3 . 2 ) 
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w h e r e 1 a n d m c o r r e s p o n d t o r o w s a n d c o l u m n s o f t h e m a t r i x [S ] 
W r i t i n g b a n d c i n t e r m s o f n o d a l c o o r d i n a t e s , 
se
ijk • h [(yi - V(yk - V + K - V ( xi' ( 3 . 3 ) 
w i t h t h e t o t a l m a t r i x b e i n g i n t h e f o r m 
[ s 6 . , ] i j k J 
S. . S . . S . , 
l i I J l k 
S . S . . S . t 
J i J J J k 
S. . S S 
k i k j k k 
( 3 . 4 ) 
The l o a d m a t r i x h a s t h e f o r m 
{ F 6 } = ^ ( 1 
L i j k ^ 3 ^ 
( 3 . 5 ) 
w h e r e g i s c o n s t a n t w i t h i n t h e e l e m e n t . I n F i g u r e 7 , f o u r e l e m e n t s 
w i t h n o d e s s p a c e d a l o n g a r e c t a n g u l a r s q u a r e g r i d a r e shown t o m e e t a t 
p o i n t 0 . T h i s p o i n t i s s i t u a t e d a t a n i n t e r f a c e o f r e g i o n s (A) a n d (B) 
w i t h d i f f e r e n t v a l u e s o f K. F o r e l e m e n t I I , d e f i n e d b y t h e n o d e s ( 0 , 1 , 
2) o n e c a n f o r m t h e s t i f f n e s s m a t r i x a s 
s oo S01 S02~ 
" 2h2 
2h 2 -h 2 -h 2 
[ s o i 2 ] - S10 S l l S12 -h
2 h 2 0 (3 
S20 S21 S22 - h
2 0 h 2 
S i m i l a r l y f o r o t h e r e l e m e n t s , 
[ S 0 2 3 ] 
K A 
2 h ^ 
2 2 2 
2h - h - h 
2 2 
-h h 0 
- h 2 o 
( 3 . 7 ) 
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2 2 2 2hz -hz -h 2 2 -li h 0 2 2 -h 0 hz (3.8) 
i II 
0 \ 
>̂  in IV / r 
h 
Figure 7. Triangular Element Asembly 
Adding appropriate coefficients by using Equation (3.9), 
2 0 £ s e -Tf. 
*"* n̂  in I (3.9) 
one can write K KL, K K„ K 0Q «2h2 + 2h2)̂  + (2h2 + 2h2)̂  } - $i {(h2)̂  + (h2)̂  } . 0 2 { (h2)-̂  
+ (h2)i?> " S{(h2)i + ( h 2 ) i } - 04{ ( h 2 )^ + (h2)̂ } = fgh2 (3.10) 
or simplifying, 
% {2KA + 2 K B } " H \ + ¥ 12 - 0 2 K A " H K A + V / 2 " tySi = ! g h 2 ( 3 - U ) 
The a b o v e e q u a t i o n i s a l m o s t i d e n t i c a l t o t h e f i n i t e d i f f e r e n c e a p p r o x i ­
m a t i o n t o t h e same p r o b l e m . However . , s u c h a n e q u a t i o n r e q u i r e s n o t 
o n l y t h e c o n s i d e r a t i o n o f t h e g o v e r n i n g e q u a t i o n s , b u t a l s o t h e e s t a b l i s h ­
m e n t o f t h e s p e c i a l i n t e r f a c e c o n d i t i o n s . I n t h e f i n i t e e l e m e n t a p p r o x ­
i m a t i o n no s p e c i a l t r e a t m e n t i s n e c e s s a r y w h e t h e r t h e v a l u e s o f K v a r y 
b e t w e e n e l e m e n t s o r r e m a i n c o n s t a n t . 
The o n l y d i f f e r e n c e b e t w e e n t h e a b o v e e q u a t i o n a n d t h a t p r o v i d e d 
b y t h e u s u a l f i n i t e d i f f e r e n c e a p p r o x i m a t i o n i s i n t h e " l o a d s " c o n t r i b u t e d 
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t o e a c h n o d e w h i c h w o u l d b e s i m p l y ( g h ) . T h i s d i f f e r e n c e , h o w e v e r , 
a u t o m a t i c a l l y b a l a n c e s o u t s i n c e t h e t o t a l " l o a d " i s s t i l l t h e same o v e r 
t h e w h o l e r e g i o n . N o t e t h a t , i f a n d a r e i d e n t i c a l , t h e w e l l known 
f i n i t e d i f f e r e n c e a p p r o x i m a t i o n t o t h e L a p l a c e o p e r a t o r i s o b t a i n e d . 
T h u s , 
4K0 Q - K0X - K0 2 - K0 3 - = | g h 2 ( 3 . 1 2 ) 
The u s e o f t h i s a l t e r n a t e m e t h o d w h i c h a p p e a r s t o a d d l i t t l e i n 
t e r m s o f i n c r e a s e d a c c u r a c y t o t h e r e s u l t s o b t a i n e d b y a l o n g - i n - u s e , 
w e l l known m e t h o d , i s j u s t i f i e d by s e v e r a l a d v a n t a g e s . T h e s e c a n b e 
s u m m a r i z e d a s ; 
a ) I t i s s i m p l e t o d e a l w i t h n o n - h o m o g e n e o u s a n d a n i s o t r o p i c 
p r o b l e m s . 
b ) The e l e m e n t s c a n b e i n a n y s h a p e a n d s i z e t o f o l l o w a r b i t r a r y 
b o u n d a r i e s a n d t o a l l o w f o r r e g i o n s o f r a p i d v a r i a t i o n s o f 
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t h e f u n c t i o n s o u g h t . 
c ) From t h e a u t o m a t i o n p o i n t o f v i e w , t h e f i n i t e e l e m e n t 
m e t h o d p r o d u c e s s y m m e t r i c , p o s i t i v e d e f i n i t e m a t r i c e s a f t e r 
t h e i n t r o d u c t i o n o f b o u n d a r y c o n d i t i o n s o f t h e p r o b l e m . The 
m a t r i c e s c a n b e p l a c e d i n a b a n d f o r m a n d c a n b e s o l v e d w i t h 
a min imum c o m p u t e r s t o r a g e a n d t i m e . 
d ) I n f i n i t e e l e m e n t a n a l y s i s , t h e r e i s n o n e e d t o m a k e a p p r o x i ­
m a t i o n s i n t h e m a t h e m a t i c a l a n a l y s i s o f t h e p r o b l e m . The 
e x a c t f o r m o f t h e g o v e r n i n g d i f f e r e n t i a l e q u a t i o n s a r e 
s o l v e d i n t h e p r o c e s s . T h e a p p r o x i m a t i o n m a d e i n f i n i t e 
e l e m e n t a n a l y s i s i s i n t h e i d e a l i z a t i o n o f t h e c o n t i n u u m a s 
f o r m e d o f s m a l l e l e m e n t s a n d i n t h e a s s u m e d d i s t r i b u t i o n of 
t h e u n k n o w n v a r i a b l e o v e r t h e d o m a i n w h i c h i t s e l f i s n o t 
r e s t r i c t e d t o a c e r t a i n s h a p e . 
S o l u t i o n o f S i m u l t a n e o u s A l g e b r a i c E q u a t i o n s 
H a v i n g a c h i e v e d some f a m i l i a r i t y w i t h f i n i t e e l e m e n t f o r m u l a t i o n s 
a n d a s s e m b l y p r o c e s s e s , a t t e n t i o n c a n now b e t u r n e d t o t h e q u e s t i o n o f 
how t o o b t a i n s o l u t i o n s t o a s y s t e m o f l i n e a r a l g e b r a i c e q u a t i o n s , t h u s 
d e r i v e d . P r o c e d u r e s f o r s o l v i n g a g i v e n s e t o f s i m u l t a n e o u s a l g e b r a i c 
e q u a t i o n s a r e u s u a l l y d i v i d e d i n t o two c a t e g o r i e s , s o - c a l l e d d i r e c t 
and i n d i r e c t m e t h o d s . 
D i r e c t m e t h o d s , s u c h a s t h e G a u s s e l i m i n a t i o n s c h e m e , C h o l e s k y 
s c h e m e a n d m a t r i x m e t h o d s , a r e t h o s e t h a t y i e l d t h e r e q u i r e d s o l u t i o n 
i n a f i n i t e n u m b e r o f s t e p s . The c o m p u t a t i o n a l a l g o r i t h m f o r a d i r e c t 
m e t h o d i s u s u a l l y s o m e w h a t c o m p l i c a t e d b u t n o n r e p e t i t i o u s . I n d i r e c t o r 
56 
iterative methods yield the required solution as the limit of a sequence 
of steps. The computational algorithm is usualy quite simple but 
requires repeated applications. 
In this thesis, the main attention will be given to Cholesky's 
scheme of direct methods which is particularly efficient in the solution 
of simultaneous algebraic equations that have symmetric and positive 
definite coefficient matrices. 
A system of n linear algebraic equations in n unknowns can 





anl an2 nn 
f \ x 
x c n 
(3.13) 
or simply as 
[A] {X} = {C} (3.14) 
An alternative scheme is to write the system of n equations as 
n 
V - 1 ) a . . x. = c . i = 1, 2, , . . . n / ij J i j = l 
(3.15) 
If [A] represents a symmetric positive definite matrix, which is actualy 
a characteristic of matrices obtained in finite element algorithms, then 
such a matrix can be decomposed into the product of a lower triangular 
matrix and an upper triangular matrix, each of which is the transpose 
of the other. 
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[A] = [U] [U] ( 3 . 1 6 ) 
w h e r e 
[U] 
0 0 
From E q u a t i o n ( 3 . 1 6 ) o n e c a n s e e t h a t : 
U l l U 1 2 "In 
0 l 2 2 • • • • u 2 n 
. . u 
2 , 2 , 2 , 2 
a . = u., . + un. + u _ . + . . . . + u . . r i l i 2 i 3 i l i 
( 3 . 1 7 ) 
( 3 . 1 8 ) 
o r 
and k = l 
u k i F o r ( i = j ) 
a . . = u , , u n . + u _ . un . + . . . . + u . . u . . 
I J l i l j 2 i 2 j l i i j 
( 3 . 1 9 ) 
( 3 . 2 0 ) 
o r 
a . . 
k = l 
u, . u , . F o r ( I < i ) 
j k i k j 
( 3 . 2 1 ) 
S i n c e e l e m e n t s o f [A] a r e k n o w n , o n e c a n d e t e r m i n e t h e e l e m e n t s o f [U] 
b y r e v e r s i n g t h e e q u a t i o n s g i v e n a b o v e . 
i - 1 
u . . = 1/ a . . - / u . . F o r ( 1 < i = i ) 
i i 1/ i i l_ , k i — 
( 3 . 2 2 ) 
k = l 
i - 1 
l k i u k j 
: k= 1 
i i 
F o r ( 1 <_i < j ) ( 3 . 2 3 ) 
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u . . = 0 F o r ( i > j ) ( 3 . 2 4 ) 
T h u s , t h e s o l u t i o n o f a s y s t e m o f e q u a t i o n s f o l l o w s b e l o w a s s h o w n . 
I f [A] c a n b e w r i t t e n i n t e r m s o f [U] a s g i v e n i n E q u a t i o n ( 3 . 1 6 ) , t h e n 
o n e c a n w r i t e E q u a t i o n ( 3 . 1 4 ) a s 
[ U ] T [ U ] ( X }= {C } ( 3 . 2 5 ) 
L e t 
[U]{X } = {X y ( 3 . 2 6 ) 
Then E q u a t i o n ( 3 . 2 5 ) c a n b e w r i t t e n a s 
[ U ] T { X f = { C } ( 3 . 2 7 ) 
A d i r e c t s o l u t i o n f o r t h e u n k n o w n v a l u e s o f t h e v e c t o r { X } c a n b e 
o b t a i n e d b y t h e u s e o f E q u a t i o n ( 3 . 2 8 ) a n d ( 3 . 2 9 ) 
c 
x i " = ( 3 - 2 8 ) 
11 
a n d i " 1 
°± zlLi U k i X k 
x . •- — — F o r ( l < i ) ( 3 . 2 9 ) 
i i 
I n a s i m i l a r m a n n e r , t h e u n k n o w n s o f t h e v e c t o r { X } o f E q u a t i o n ( 3 . 2 6 ) 
c a n b e d e t e r m i n e d , s i n c e 
* 
x = — ( 3 . 3 0 ) n u n n 
^9 
n 
a n d 
x 
x u 
F o r ( i < n ) ( 3 . 3 1 ) 
I u . . 
n 
N o t e t h a t E q u a t i o n s ( 3 . 3 0 ) a n d ( 3 . 3 1 ) g i v e t h e d e s i r e d s o l u t i o n o f E q u a ­
t i o n ( 3 . 1 4 ) . 
v e n i e n t a n d e f f i c i e n t f r o m t h e c o m p u t a r i z a t i o n p o i n t o f v i e w . A r e c e n t 
d i s c u s s i o n i n a p a p e r b y T e z c a n a n d K o s t r o [ 3 9 ] i n d i c a t e s t h i s c l e a r l y . 
I n t h e i r p a p e r , t h e y c o m p a r e t h e G a u s s a l g o r i t h m w i t h t h e C h o l e s k y 
a l g o r i t h m a n d c o n c l u d e t h a t t h e C h o l e s k y s o l u t i o n i s m u c h f a s t e r t h a n 
G a u s s ' , a n d t h a t t h e s o l u t i o n t i m e b y G a u s s ' m e t h o d i n c r e a s e s a t a r e l a ­
t i v e l y h i g h e r r a t e t h a n t h a t b y C h o l e s k y w h e n t h e b a n d w i d t h i n c r e a s e s . 
A n o t h e r p r o b l e m w i t h a l l s u c h c o m p u t e r i z e d a l g o r i t h m s i s t h a t t h e y 
a r e l i m i t e d b y t h e s t o r a g e l o c a t i o n s a v a i l a b l e o n t h e c o m p u t e r s y s t e m . 
T h a t i s , t h e r e i s a l i m i t f o r t h e n u m b e r o f u n k n o w n s t h a t c a n b e h a n d l e d 
i n t h e s i m u l t a n e o u s l i n e a r e q u a t i o n s . F o r e x a m p l e , t h e U n i v a c 1 1 0 8 h a s 
a c a p a c i t y o f 6 0 k . I n m o s t f i n i t e e l e m e n t p r o b l e m s t h e n u m b e r o f n o d e s 
t o b e c o n s i d e r e d o r t h e n u m b e r o f u n k n o w n s t o b e s o l v e d f o r i n a t y p i c a l 
p r o b l e m c a n r a n g e f r o m t w o h u n d r e d t o t h r e e h u n d r e d , a n d m o r e . I f a 
m i n i m u m o f t w o h u n d r e d u n k n o w n s i s c o n s i d e r e d , t h e s t i f f n e s s m a t r i x i t ­
s e l f w i l l r e q u i r e s o m e 8 0 k l o c a t i o n s i f t h e c o m p u t a t i o n s a r e c a r r i e d o u t 
i n d o u b l e p r e c i s i o n , w h i c h i s a b o v e t h e 6 0 k c a p a c i t y o f t h e U n i v a c 1 1 0 8 . 
T h u s , o n e m u s t e i t h e r u t i l i z e d r u m a n d / o r t a p e u n i t s o f t h e c o m p u t e r f o r 
a u x i l i a r y s t o r a g e w i t h a c o r r e s p o n d i n g d e c r e a s e i n e f f i c i e n c y o f t h e 
w h o l e p r o c e s s , o r o n e c a n f o r m u l a t e s o m e s h o r t c u t s i n t h e s t o r a g e 
C h o l e s k y ' s m e t h o d , d e s c r i b e d a b o v e , h a s p r o v e n t o b e q u i t e c o n -
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procedures using the characteristics of the matrices formed in the 
assembly processes. 
The above mentioned method of decompositon is particularly effi­
cient in this respect when applied to symmetric band matrices which is 
as indicated earlier, a characteristic of the matrices formed in the 
finite element analysis. Maximum band width is related to the maximum 
difference between the nodal numbers of any element in the field. For 
such matrices, fewer calculations are required due to the fact that ele­
ments outside the band are all equal to zero. If the general form of 
such a symmetric banded matrix is considered, only the upper portion of 
the band including the diagonal elements has to be stored to perform the 
steps in the algorithm shown earlier in this section. Furthermore, if 
those elements are stored as a rectangular array with the diagonal 
elements occupying the first column of the array then the limitations of 
storage of the stiffness and mas matrices would be reduced considerably. 
In finite element problems with two hundred unknowns, the maximum band 
width can be easily kept at twentyfive or thirty, thus lowering the 
storage requirements to 12k in double precision calculations. The 
previously explained decompositon algorithm can be performed on this 
rectangular array. This process is efficiently used in the computer 
program employed in this thesis. A printout of the program is given in 
Appendix C. 
Time Dependent Problems 
The procedure for developing matrix equations for time dependent 
field problems is explained in detail in Chapter II. The resulting matrix 
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equation has the form 
[S] { 0 }+ [P] {ff} = (F) (3.32) 
where [S] is the stiffness matrix and [P] is the matrix generated from 
the time dependent terms in the differential equations. From here on 
this [P] matrix will be referred to as the mas  matrix. 
The solution to Equation (3.32) can be obtained by a step-by-step 
technique suggested by Wilson and Clough [46]. In this algorithm the 
d 0 
variation of {~} is asumed to be linear in each time interval At. 
a t 
Thus, from a direct integration over the time interval for all nodal 
points, the folowing equation can be obtained which reflects the solution 
at time t in terms of the values at time (t - At). 
Thus, Equation (3.33) together with Equation (3.32) can now be solved 
simultaneously for the values of 0 at time t if the initial conditions 
at time t = 0 are given. 
This simultaneous time and space solution process can be form­
ulated neatly for computer applications, thus decreasing the algebra, 
computer storage and computer time. At time t substituting Equation 
(3.33) into Equation (3.32), one can write 
([P]fj + [s]) ( 0 ) t = [PKff ^ + AT {0}t-At} + {F} (3*34) 
Again substituting Equation (3.32) into Equation (3.34), this time at 
S 2 
t i m e ( t - A t ) , o n e c a n w r i t e 
( [ P ] f 7 + [ S ] ) {0 } t = ( [ P ] - 2 - - [ S ] ) {0 } t _ A t + 2 { F } (3.35) 
I f o n e d e f i n e s 
[ S ] * = [ P ] ^ + [ S ] (3.36) 
a n d 
{ F * = { F } + | ^ [ P ] { 0 > t _ A t (3.37) 
t h e n f r o m E q u a t i o n (3.38) o n e c a n s o l v e f o r t h e u n k n o w n s I 01 
[ S ] ' C { 0} * = { F f (3.38) 
O n c e t h e {0} ' s a r e d e t e r m i n e d , t h e p r o b l e m r e d u c e s t o s o l v i n g E q u a t i o n 
(3.39) f o r t h e v a l u e s o f 0 t w h i c h a r e t h e n o d a l v a l u e s o f t h e f u n c t i o n 
s o u g h t a t t i m e t . 
(0> t = 2(0}* - { 0 > t _ A t (3.39) 
I n c r e m e n t i n g b y A t a n d r e p e a t i n g t h e s a m e p r o c e s s , c o n t i n u o u s s o l u t i o n s 
c a n b e o b t a i n e d i n t i m e a n d s p a c e c o o r d i n a t e s f o r u n s t e a d y p r o b l e m s . 
D e s c r i p t i o n o f t h e P r o g r a m 
T h e p r o g r a m ( p r e s e n t e d i n A p p e n d i x C ) i s w r i t t e n i n F o r t r a n I V 
c o m p u t e r l a n g u a g e . T h e w h o l e p r o g r a m i s d i v i d e d i n t o s e v e n s u b p r o g r a m s 
a n d a m a i n p r o g r a m . A s a r u l e , u n i q u e r e g i s t e r s a r e c h o s e n f o r t h e m o r e 
i m p o r t a n t v a r i a b l e s o r q u a n t i t i e s . T o a v o i d m a k i n g t h e p r e s e n t p r o g r a m 
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t o o c o m p l i c a t e d , some l i m i t i n g f e a t u r e s a r e b u i l t i n t o i t . T h e m o r e 
i m p o r t a n t o n e s i n c l u d e : t h e r e s t r i c t i o n t o c y l i n d r i c a l a n d c a r t e s i a n 
c o o r d i n a t e s o n l y ; t h e r e s t r i c t i o n t o t r i a n g u l a r e l e m e n t s ; t h e r e s t r i c t i o n 
of t h e v a r i a t i o n o f t h e u n k n o w n i n a n e l e m e n t t o b e l i n e a r ; t h e r e s t r i c ­
t i o n o f t h e c o e f f i c i e n t s w h i c h a r e a s s u m e d t o b e t h e c o n s t a n t w i t h i n e a c h 
e l e m e n t a n d f o r t i m e v a r i a t i o n ; t h e r e s t r i c t i o n o f t h e l i n e a r v a r i a t i o n 
o f The p r e s e n t s t a t e o f t h e p r o g r a m l i m i t s t h e e l e m e n t n u m b e r a t 
4 0 0 a n d t h e u n k n o w n n u m b e r a t 2 5 0 , w i t h t h e b a n d w i d t h i n s t i f f n e s s a n d 
m a s s m a t r i c e s l i m i t e d t o 3 0 . T h e s e l i m i t s car; e a s i l y b e e x t e n d e d t o 
600 i n t h e c a s e o f e l e m e n t s a n d 4 5 0 i n t h e c a s e o f u n k n o w n s b y r e d u c i n g 
t h e maximum b a n d w i d t h t o 2 0 . 
The v a r i o u s p a r t s o f t h e p r o g r a m a n d t h e i r s p e c i f i c f u n c t i o n s a r e 
d e s c r i b e d a s f o l l o w s . A summary o f f l o w o f o p e r a t i o n s c a n b e s e e n i n 
F i g u r e 8 . 
T h e "MAIN" P r o g r a m . T h i s i s o f c o u r s e t h e m o s t i m p o r t a n t p a r t o f 
t h e w h o l e c o m p u t a t i o n a l p r o c e d u r e . I t c o n t r o l s t h e f l o w o f o p e r a t i o n s 
i n t h e w h o l e p r o g r a m . I t r e a d s t h e n e c e s s a r y d a t a f o r t h e s p e c i f i c p r o b l e m , 
p e r f o r m s t h e a u t o m a t i c a s s e m b l y o f e l e m e n t s f o r m i n g g l o b a l s t i f f n e s s 
a n d m a s s m a t r i c e s , p e r f o r m s t h e t i m e s p a c e c a l c u l a t i o n s o f u n s t e a d y 
p r o b l e m s a n d f i n a l l y p r i n t s o u t t h e r e s u l t s o b t a i n e d . 
S u b r o u t i n e SET. P e r f o r m s t h e c h a n g e o f a x i s f o r e a c h e l e m e n t , 
i . e . i t f o r m s t h e l o c a l c o o r d i n a t e s o f e a c h n o d e o f t h e e l e m e n t . W i t h 
t h i s i n f o r m a t i o n , c o n t r o l g o e s b a c k t o t h e M a i n p r o g r a m . 
S u b r o u t i n e VEC. P e r f o r m s t h e m u l t i p l i c a t i o n o f a s y m m e t r i c b a n d e d 
m a t r i x , s t o r e d a s a r e c t a n g u l a r a r r a y , w i t h a v e c t o r . The r e s u l t a n t 
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v e c t o r i s s t o r e d i n t h e m e m o r y , a n d t h e c o n t r o l g o e s b a c k t o t h e M a i n 
p r o g r a m . 
S u b r o u t i n e CINTEG. I t c o m p u t e s t h e e x p o n e n t i a l t e r m s a p p e a r i n g 
i n c o n v e c t i v e p r o b l e m s . T h i s s u b r o u t i n e i s o n l y u s e d i n p r o b l e m s w h e r e 
c o n v e c t i v e t e r m s e x i s t . R e s u l t s a r e s t o r e d i n a COMMON l o c a t i o n t o b e 
u s e d i n t h e m a i n p r o g r a m l a t e r i n t h e p r o c e s s . 
S u b r o u t i n e ELEM. T h i s s u b r o u t i n e f o r m s t h e s t i f f n e s s a n d m a s s 
m a t r i c e s f o r e a c h e l e m e n t w h i c h a r e t h e n a s s e m b l e d b y t h e M a i n p r o g r a m 
t o f o r m t h e g l o b a l m a t r i c e s . The t y p e o f t h e s t i f f n e s s o r m a s s m a t r i x 
t o b e f o r m e d i s d e t e r m i n e d b y some c o n s t a n t s w h i c h a r e f e d i n t o t h e M a i n 
p r o g r a m a s i n p u t d a t a . 
S u b r o u t i n e BOUND. T h i s s u b r o u t i n e i n t r o d u c e s t h e b o u n d a r y c o n d i ­
t i o n s t o t h e f i n a l s t i f f n e s s m a t r i x a s s e m b l e d b y t h e M a i n p r o g r a m . T h e s e 
b o u n d a r y c o n d i t i o n s h a v e t h e f o r m s g i v e n i n C h a p t e r I I . 
S u b r o u t i n e DCB. I t p e r f o r m s t h e d e c o m p o s i t i o n o f a s y m m e t r i c 
b a n d e d m a t r i x , s t o r e d a s a r e c t a n g u l a r a r r a y , i n t o l o w e r a n d u p p e r 
t r i a n g u l a r m a t r i c e s , a n d s t o r e s t h e u p p e r t r i a n g u l a r p a r t a s a r e c t a n g u l a r 
a r r a y . 
S u b r o u t i n e SBAND. T h i s i s t h e s i m u l t a n e o u s e q u a t i o n s o l v e r w h i c h 
u s e s t h e p r e v i o u s l y d e c o m p o s e d m a t r i c e s a n d w i t h t h e r e s u l t s s t o r e d a s 
a v e c t o r , c o n t r o l g o e s b a c k t o t h e M a i n p r o g r a m . 
S t a r t 
Read i n a n d p r i n t o u t i n p u t d a t a 
S t a r t w i t h t h e f i r s t e l e m e n t , 
f i r s t n o d e a n d f o r m t h e s t i f f ­
n e s s m a s s a n d l o a d m a t r i c e s 




I n t r o d u c e b o u n d a r y c o n d i t i o n s 
t o t h e s t i f f n e s s m a t r i x 
S o l v e s i m u l t a n e o u s e q u a t i o n s 
P r i n t o u t R e s u l t s 
S u b r o u t i n e 
BOUND 









I n t h i s c h a p t e r , n u m e r i c a l s o l u t i o n s t o t h e d i f f e r e n t i a l e q u a ­
t i o n s , t r e a t e d i n d e t a i l i n e a r l i e r c h a p t e r s w i l l b e g i v e n . T h e s e 
e x a m p l e s a r e c h o s e n i n t h e f i e l d o f f l u i d m e c h a n i c s , s p e c i f i c a l l y i n 
h e a t c o n d u c t i o n , i r r o t a t i o n a l a n d r o t a t i o n a l i n c o m p r e s s i b l e f l o w , a n d 
g r o u n d w a t e r s e e p a g e . I n some o f t h e s e p r o b l e m s , c o m p a r i s o n s w i t h 
known e x a c t s o l u t i o n s w i l l b e g i v e n t o i n d i c a t e t h e a c c u r a c y o f t h e 
n u m e r i c a l s o l u t i o n s . As w i l l become a p p a r e n t , f o r t h e s e p r o b l e m s t h e 
s o l u t i o n s o b t a i n e d t h r o u g h f i n i t e e l e m e n t a n a l y s i s h a v e c o n s i d e r a b l e 
a c c u r a c y . Some e x a m p l e s w i l l b e g i v e n o f p r o b l e m s f o r w h i c h n o e x a c t 
s o l u t i o n i s a v a i l a b l e . 
The v a r i e t y o f p o s s i b i l i t i e s f o r a p p l i c a t i o n o f t h e c o m p u t e r 
p r o g r a m i s o b v i o u s . A l s o o b v i o u s l y , t h e a p p r o p r i a t e e m p l o y m e n t o f t h e 
m a t h e m a t i c a l f o r m s i s b y no m e a n s l i m i t e d t o t h e p r o b l e m t y p e s s p e c i f i c ­
a l l y t r e a t e d i n t h i s d i s s e r t a t i o n . I n d e e d , a n y p h y s i c a l p h e n o m e n a 
p r o p e r l y m o d e l e d b y e l l i p t i c a n d p a r a b o l i c d i f f e r e n t i a l e q u a t i o n s , 
a c c o m p a n i e d b y a p p r o p r i a t e b o u n d a r y c o n d i t i o n s c a n b e i n v e s t i g a t e d u s i n g 
t h e t e c h n i q u e s d e v e l o p e d h e r e . Some r e s t r i c t i o n s i m p o s e d o n t h e s e 
m o d e l s , a s e x p l a i n e d i n C h a p t e r s I I a n d I I I , m u s t be t a k e n i n t o c o n s i d e r ­
a t i o n . 
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Heat Conduction 
Heat transfer is an important field in present-day engineering 
sciences. It is of great significance in power engineering, chemical 
technology, civil engineering, aerospace engineering, and others. For 
example, the design of thermal apparatus, the design of building wals 
undergoing thermal effects, the heat insulation of buildings, furnaces, 
pipelines, the heating of machines, thermal stresses in bridges and many 
other problems involve unsteady or steady heat conduction. 
The present work includes numerical solutions of some steady and 
unsteady heat conduction problems in cartesian and in cylindrical co­
ordinates. In each of these examples, the material is asumed to have 
temperature-independent thermal conductivity. In all problems, the con­
tinuum described by the problem is idealized using triangular elements. 
The type of mesh used for some of these problems can be seen in Figure 
9. 
Example One. In this example a very long cylindrical chimney is 
heated at the inside by some hot gasses. The temperature outside the 
chimney is usualy the ambient air temperature. A mathematical model 
which approximately describes the steady temperature distribution in the 
chimney wal is developed below. Figure 10 shows the physical aspects 
of the example. 
Consider an infinite holow cylinder (cylindrical tube) with 
a< r< b,-°°< z<+co. If the heat transfer between the inner and 
outer cylinder surfaces and the suroundings occurs uniformly over the 
whole surface then the steady temperature distribution within the 
cylinder wals will depend only on the radius (axisymmetric problem). 
6 8 
F i g u r e 9 . Type o f Mesh U s e d i n H e a t T r a n s f e r P r o b l e m s 
The b o u n d a r i e s a t r = a a n d r = b a r e k e p t a t a c o n s t a n t t e m p e r a t u r e T 
a n d T . F o r t h i s e x a m p l e , a = 10 i n c h e s , b = 2 0 i n c h e s , T = 1 0 ° F , a n d 
b a ' 
o 
T^ = 0 F . The p r o b l e m i s t o d e t e r m i n e t h e s t e a d y s t a t e t e m p e r a t u r e 
d i s t r i b u t i o n t h r o u g h t h e c h i m n e y w a l l . 
I f t h e c y l i n d r i c a l t u b e i s i s o t r o p i c a n d h o m o g e n e o u s , t h e n t h e 
s t e a d y s t a t e t e m p e r a t u r e d e s c r i b e d a b o v e s a t i s f i e s t h e f o l l o w i n g m a t h e ­
m a t i c a l e q u a t i o n 
ail + 1 aT = o ( 4 . 1 ) 
ar2 r a r 
The b o u n d a r y c o n d i t i o n s a r e 
F i g u r e 1 0 . S c h e m a t i c View of t h e C y l i n d e r 
B . C . 1 : a t r = 10 i n . T = 1 0 ° F ( 4 . 2 ) 
B . C. 2 : a t r = 2 0 i n . T = 0 ° F ( 4 . 3 ) 
A l t h o u g h t h e p r o b l e m d e s c r i b e d a b o v e i s o n e - d i m e n s i o n a l , t h e m a t h e ­
m a t i c a l m o d e l s h o u l d b e t w o - d i m e n s i o n a l b e c a u s e t h e p r o g r a m d e v e l o p e d 
i s f o r t w o - d i m e n s i o n a l p r o b l e m s . T h u s , t h e m a t h e m a t i c a l m o d e l c a n t a k e 
t h e f o r m 
£ ? + I J E + 3 £ T = 0 ( 4 . 4 ) 
d r z r d r g z z 
w i t h a n a d d i t i o n a l b o u n d a r y c o n d i t i o n 
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B . C. 3 : a t z = + 2 0 i n . = o°F/in ( 4 . 5 ) 
dz 
S o l u t i o n t o E q u a t i o n ( 4 . 1 ) c a n b e w r i t t e n a s T = T ( r ) . I t c a n be o b ­
s e r v e d t h a t T ( r ) a l s o s a t i s f i e s E q u a t i o n ( 4 . 4 ) w i t h t h e g i v e n b o u n d a r y 
c o n d i t i o n s ( 4 . 2 ) , ( 4 . 3 ) a n d ( 4 . 5 ) . S i n c e t h e r e i s a u n i q u e s o l u t i o n , 
t h e s o l u t i o n t o E q u a t i o n ( 4 . 4 ) c a n b e g i v e n a s T ( r ) . T h i s i n t u r n i m ­
p l i e s a o n e - d i m e n s i o n a l s o l u t i o n a l t h o u g h t h e a n a l y s i s i s t w o - d i m e n s i o n a l . 
F o r t h i s e x a m p l e , t h e c o n t i n u u m d e s c r i b e d a b o v e i s i d e a l i z e d by 
1 0 . 0 1 2 . 0 1 4 . 0 1 6 . 0 1 8 . 0 2 0 . 0 
R a d i u s , i n c h e s 
F i g u r e 1 1 . S t e a d y H e a t T r a n s f e r i n a C y l i n d e r W a l l 
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160 t r i a n g u l a r e l e m e n t s w h i c h r e s u l t e d i n 99 n o d a l p o i n t s . The c o m p u t e r 
e x e c u t i o n t i m e f o r t h i s p r o b l e m w a s t h i r t e e n s e c o n d s . The f i n i t e e l e m e n t 
1 0 " 
m 
1 4 " 
1 7 " 
| 2 0 " 
1 \ ^ B r i c k C o r k C o n c r e t e 
F i g u r e 1 2 . N o n - H o m o g e n e o u s C y l i n d e r W a l l 
r e s u l t s a n d a c o m p a r i s o n w i t h t h e e x a c t s o l u t i o n [ 5 ] , [ 3 2 ] c a n b e s e e n 
i n F i g u r e 1 1 . The c a l c u l a t e d e r r o r f o r t h i s s o l u t i o n i s a r o u n d 0 . 5 
p e r c e n t . * 
E x a m p l e Two. I n t h i s e x a m p l e , t h e p r o b l e m d e s c r i b e d i n e x a m p l e 
one i s e x t e n d e d t o a n u n s t e a d y n o n - h o m o g e n e o u s p r o b l e m . I t i s a s s u m e d 
t h a t t h e w a l l o f t h e c h i m n e y i s c o m p o s e d o f t h r e e l a y e r s o f m a t e r i a l 
w h i c h h a v e d i f f e r e n t t h e r m a l d i f f u s i v i t i e s , a s s h o w n on F i g u r e 1 2 . The 
f i r s t l a y e r w h i c h i s b e t w e e n r = 10 i n c h e s a n d r = 14 i n c h e s i s a b r i c k 
l a y e r w i t h a t h e r m a l d i f f u s i v i t y o f 0 . 0 2 f t / h r . The s e c o n d l a y e r 
* T h e a v e r a g e e r r o r w a s c a l c u l a t e d u s i n g t h e f o r m u l a 
„ e x a c t r e s u l t - n u m e r i c a l r e s u l t 
P e r c e n t e r r o r = t t ~ x 100 
e x a c t r e s u l t 
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which is between r = 14 inches and r = 17 inches is a cork layer (insula-
tion material) with a thermal diffusivity of 0.006 ft /hr. The third 
layer which is between r = 17 inches and r = 20 inches is a concrete 
2 
layer with a thermal diffusivity of 0.008 ft /hr. It is further asumed 
that the wal is initially at 0°F. and at time t = 0 the inside tem­
perature increases to 10°F and outside temperature remains at 0°F. 
If the cylindrical tube is isotropic then the unsteady tem­
perature distribution described above satisfies the folowing mathe­
matical model. 
8£T + 1 IT = 1 3T 
Br2 r 3r D 3t K * J 
where D is the thermal diffusivity. The boundary conditions are given 
as, 
I. C. : at t < 0 hr. T = 0°F (4.7) 
B. C. 1 : at r = 10 in. T = 10°F (4.8) 
B. C. 2 : at r = 20 in. T = 0°F (4.9) 
Finite element results for this problem can be seen in Figure 13. 
Idealization of the continuum for this problem is identical to that 
explained in example one. 
Example Three. In some industrial buildings, homes or even 
side walks, floor slabs are heated by radiant heating. If a radiant 
heating unit and the floor slab are asumed to be a single unit, then 




1 0 . 0 1 2 . 0 1 4 . 0 1 6 . 0 1 8 . 0 2 0 . 0 
R a d i u s . , i n c h e s 
F i g u r e 1 3 . U n s t e a d y H e a t T r a n s f e r i n a N o n - H o m o g e n e o u s 
C y l i n d e r W a l l 
b e a p p r o x i m a t e d b y t h e s o l u t i o n o f t h e e q u a t i o n f o r s t e a d y h e a t f l o w 
a c r o s s a s q u a r e c o n t i n u u m w i t h i n t e r n a l g e n e r a t i o n o f h e a t , s e e F i g u r e 
1 4 . I f t h e t h e r m a l c o n d u c t i v i t y K p a r a l l e l t o x - a x i s d i f f e r s f r o m i t s 
v a l u e K p a r a l l e l t o y - a x i s , t h e n t h e s t e a d y t e m p e r a t u r e d i s t r i b u t i o n 





F i g u r e 1 4 . R a d i a n t F l o o r H e a t i n g 
3 n - K 
( 4 . 1 0 ) 
w h e r e q i s t h e n u m b e r o f u n i t s o f h e a t g e n e r a t e d p e r u n i t a r e a p e r 
s e c o n d , ( 2 a ) i s t h e l e n g t h o f s i d e o f t h e s q u a r e p l a t e a n d £ a n d T] a r e 
t h e d i m e n s i o n l e s s c o o r d i n a t e s . 
o 
( 4 . 1 1 ) 
w h e r e T Q i s t h e a m b i e n t a i r t e m p e r a t u r e . P u r e l y f o r i l l u s t r a t i v e 
p u r p o s e s , l e t 0 b e t h e s o l u t i o n o f e q u a t i o n 
( 4 . 1 2 ) 
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w h e r e - 1 = K = + 1 , - 1 = n = 4 - 1 a n d , 
B . C . 1 a t K = £ 1 0 = 0 ( 4 . 1 3 ) 
B . C. 2 a t n = ± 1 0 = 0 ( 4 . 1 4 ) 
F i n i t e e l e m e n t r e s u l t s f o r t h i s e x a m p l e a r e g i v e n i n F i g u r e 1 5 . 
T h i s f i g u r e c l e a r l y i n d i c a t e s t h e a n i s o t r o p i c c o n d i t i o n m o d e l e d i n 
E q u a t i o n ( 4 . 1 2 ) . The t e m p e r a t u r e d i s t r i b u t i o n i n £ d i r e c t i o n i s n o t 
s y m m e t r i c t o t h e t e m p e r a t u r e d i s t r i b u t i o n i n 7] d i r e c t i o n . As e x p e c t e d 
t h e h i g h e s t v a l u e o f 0 i s o b s e r v e d a t t h e c e n t e r o f t h e f l o o r w h i c h 
c o r r e s p o n d s t o t h e p o i n t d e f i n e d a s ? = 0 a n d T) = 0 . I n t h i s e x a m p l e , 
c o m p u t e r e x e c u t i o n t i m e w a s a g a i n t h i r t e e n s e c o n d s . 
E x a m p l e F o u r . I n t h i s e x a m p l e u n s t e a d y t e m p e r a t u r e d i s t r i b u t i o n 
i n a w a l l i s s t u d i e d . The w a l l c a n b e c o n s i d e r e d a s a n i n f i n i t e p l a t e . 
I n i t i a l l y , t h e w a l l i s a s s u m e d t o b e a t a c o n s t a n t t e m p e r a t u r e a n d a t 
t i m e t = 0 , i t i s s u b j e c t e d t o d i f f e r e n t i a l h e a t s o u r c e s f r o m e a c h s i d e . 
T h e s e c o n d i t i o n s g i v e r i s e t o u n s t e a d y t e m p e r a t u r e v a r i a t i o n i n t h e w a l l . 
The m a t h e m a t i c a l m o d e l f o r t h i s p r o b l e m i s e x p l a i n e d b e l o w . 
An i n f i n i t e p l a t e ( w a l l ) i s u s u a l l y u n d e r s t o o d t o b e o n e s u c h 
t h a t t h e w i d t h a n d t h e l e n g t h a r e v e r y l a r g e c o m p a r e d t o i t s t h i c k n e s s . 
T h u s , a n i n f i n i t e p l a t e r e p r e s e n t s a b o d y r e s t r i c t e d b y t w o p a r a l l e l 
p l a n e s . A c h a n g e i n t e m p e r a t u r e o c c u r s o n l y a l o n g i t s t h i c k n e s s . 
I t i s a s s u m e d t h a t t h e i n i t i a l t e m p e r a t u r e d i s t r i b u t i o n o v e r t h e 
p l a t e t h i c k n e s s i s g i v e n a s a c o n s t a n t v a l u e T ^ . A t t h e i n i t i a l t i m e , 
t h e b o u n d i n g s u r f a c e t e m p e r a t u r e s a r e i n s t a n t a n e o u s l y c h a n g e d t o some 
t e m p e r a t u r e T w h i c h i s t h e n m a i n t a i n e d c o n s t a n t . The p r o b l e m i s t o 
a 
7"-
F i g u r e 1 5 . S t e a d y H e a t T r a n s f e r i n a H o m o g e n e o u s A n i s o t r o p i c F l o o r 
W i t h I n t e r n a l H e a t G e n e r a t i o n ( R a d i a n t F l o o r H e a t i n g ) 
d e t e r m i n e t h e t e m p e r a t u r e d i s t r i b u t i o n o v e r t h e p l a t e t h i c k n e s s a t a n y 
i n s t a n t . 
I f t h e o r i g i n o f c o o r d i n a t e s i s p l a c e d a t t h e c e n t e r o f t h e 
p l a t e , a n d i f t h e p l a t e i s h o m o g e n e o u s a n d i s o t r o p i c , t h e n t h e p r o b l e m 
s t a t e d a b o v e t a k e s t h e d i m e n s i o n l e s s m a t h e m a t i c a l f o r m 
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fx - 0 (4.15) 
where 
T - Ta 
0 = T - T (4.16) £ = f> r (4.X7) 
where (b) is the half the plate thickness, and D is the ratio of 
specific heat to conductivity. The transformed boundary conditions take 
the form 
I. C. : at x = 0 0=1 (4.18) 
B. C. : at C = ±1 0=0 (4.19) 
For this problem, the computer execution time was 0.14 seconds per time 
step. The finite element results and a comparison with the exact solu­
tion [ 5] , [ 7] of the cooling process described above can be seen in 
Figure 16. Computed error for this solution is 1.0 percent. 
Example Five. In this example, the homogeneous problem described 
in Example Four is extended to an unsteady non-homogeneous problem. 
It is again asumed that the wal shown in Figure 17 has a thickness 
(2b) and composed of five layers of material which have different 
thermal diffusivities. The coordinate axis is located at the center 
of the wal as seen in Figure 17, and the wal is asumed to be symmetric 
with respect to center. The second layer which is between £ = 0.3 and 
C =0.7 has a thermal diffusivity .5 times greater than the first 
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layer which is between E, =0.0 and E, = 0.3. The third layer which is 
between E, = 0.7 and E, = 1.0 has a thermal diffusivity 2 times greater 
than the first layer. If the same cooling process as given in Example 
Four is studied for this case, then the mathematical model and the 
boundary conditions will be the same as given in Example Four. The 
only difference will be the variation of the thermal diffusivities of 
layers and the interface conditions between these layers which are taken 
care in the mathematical analysis. The finite element results for this 
example can be seen in Figure 18. In this figure the non-homogeneous 
regions of the wal can be easily detected from the abrubt variation 
of the temperature distributions in the wall. As expected, a final 
steady state condition is reached at: the end of the cooling process 
0.3 0.4 0.3 
+ * * H-
0 
Figure 17. Composite Wal 
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F i g u r e 1 8 . U n s t e a d y H e a t T r a n s f e r i n a N o n - H o m o g e n e o u s 
C o m p o s i t e W a l l 
w h i c h c o r r e s p o n d s t o 0 = 0 . F o r t h i s p r o b l e m c o m p u t e r e x e c u t i o n t i m e 
w a s 0 . 1 4 s e c o n d s p e r t i m e s t e p . 
E x a m p l e S i x . D u r i n g p r o d u c t i o n i n t h e f a c t o r y a c y l i n d r i c a l r e ­
i n f o r c e m e n t r o d i s s u b j e c t e d t o a c o o l i n g p r o c e s s . I n i t i a l l y , t h e 
t e m p e r a t u r e o f t h e r o d i s g r e a t e r t h a n t h e a m b i e n t a i r t e m p e r a t u r e 
s u r r o u n d i n g t h e r o d . T h u s , t h i s d i f f e r e n c e i n i n i t i a l r o d a n d a i r 
t e m p e r a t u r e g i v e s r i s e t o u n s t e a d y t e m p e r a t u r e v a r i a t i o n i n t h e r o d . 
T h i s p r o b l e m t a k e s t h e m a t h e m a t i c a l f o r m b e l o w . 
C o n s i d e r a c y l i n d e r w h o s e l e n g t h i s i n f i n i t e l y l a r g e c o m p a r e d 
t o i t s d i a m e t e r . I f t h e h e a t t r a n s f e r b e t w e e n t h e c y l i n d e r s u r f a c e 
a n d t h e s u r r o u n d i n g s o c c u r s u n i f o r m l y o v e r t h e w h o l e s u r f a c e t h e n i t s 
t e m p e r a t u r e w i l l d e p e n d o n l y on t i m e a n d r a d i u s ( a x i s y m m e t r i c p r o b l e m ) . 
The c y l i n d e r h a s a p r e s c r i b e d r a d i a l t e m p e r a t u r e d i s t r i b u t i o n , 
T ( r ) , w h i c h i s t a k e n a s a c o n s t a n t v a l u e , T , t o s i m p l i f y t h e p r o b l e m 
i n t h i s e x a m p l e . At a n i n i t i a l t i m e i n s t a n t t h e c y l i n d e r s u r f a c e i s 
i n s t a n t a n e o u s l y c o o l e d t o some t e m p e r a t u r e T^ w h i c h i s a s s u m e d c o n s t a n t 
d u r i n g t h e e n t i r e c o o l i n g p r o c e s s . The p r o b l e m i s t o d e t e r m i n e t h e 
t e m p e r a t u r e d i s t r i b u t i o n i n t h e c y l i n d e r a s a f u n c t i o n o f t i m e . 
I f t h e o r i g i n o f t h e c o o r d i n a t e s i s p l a c e d a t t h e s y m m e t r y a x i s 
o f t h e c y l i n d e r , t h e n t h e a b o v e p r o b l e m t a k e s t h e d i m e n s i o n l e s s m a t h e ­
m a t i c a l f o r m 
w h e r e , 
~ = W +TH ( 4 ' 2 0 ) 
T - T 
0 = x—Hf~ < 4 - 2 1 ) 
o a 
i = I (4.22) 
x - f (4.23) 
w h e r e R i s t h e r a d i u s o f t h e c y l i n d e r a n d D i s t h e r a t i o d e f i n e d i n 
E x a m p l e f o u r . The t r a n s f o r m e d b o u n d a r y c o n d i t i o n s t a k e t h e f o r m 
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F i g u r e 1 9 . U n s t e a d y H e a t T r a n s f e r i n a C y l i n d r i c a l Rod 
I . C. : a t t = 0 0 = 1 ( 4 . 2 4 ) 
B . C . : a t 5=1 0 = 0 
( 4 . 2 5 ) 
F i n i t e e l e m e n t r e s u l t s a n d a c o m p a r i s o n w i t h t h e e x a c t s o l u t i o n 
[ 5 ] , [ 7 ] c a n b e s e e n i n F i g u r e 1 9 . C o m p u t e r e x e c u t i o n t i m e a n d p e r c e n t 
e r r o r f o r t h i s s o l u t i o n w e r e t h e same a s i n E x a m p l e f o u r . 
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F l u i d F l o w 
The b r o a d f i e l d o f f l u i d m e c h a n i c s c a n b e c o n s i d e r e d a s a f i e l d 
p a r a l l e l t o s o l i d m e c h a n i c s , s i n c e i t i s b u i l t u p o n t h e s ame f u n d a m e n t a l 
l a w s o f m o t i o n . The s u b j e c t b r a n c h e s o u t i n t o v a r i o u s s p e c i a l i t i e s s u c h 
a s a e r o d y n a m i c s , h y d r a u l i c e n g i n e e r i n g , g a s d y n a m i c s , a n d t h e l i k e . I t 
d e a l s w i t h t h e s t a t i c s , k i n e m a t i c s a n d d y n a m i c s o f f l u i d s . A v a i l a b l e 
m e t h o d s o f a n a l y s i s s t e m f r o m t h e a p p l i c a t i o n o f N e w t o n ' s l a w s o f m o t i o n , 
t h e f i r s t a n d s e c o n d l a w s o f t h e r m o d y n a m i c s , t h e p r i n c i p l e o f c o n s e r v a t i o n 
o f m a s s , N e w t o n s l a w o f v i s c o s i t y , a n d o t h e r s . 
I n t h i s s e c t i o n n u m e r i c a l s o l u t i o n s w i l l b e g i v e n f o r some e x a m p l e s 
i n t h e a b o v e f i e l d . J u s t a s i n h e a t t r a n s f e r p r o b l e m s t h e n u m e r i c a l 
s o l u t i o n s o b t a i n e d t h r o u g h f i n i t e e l e m e n t a n a l y s i s i n f l u i d f l o w p r o b l e m s 
a r e i n v e r y good a g r e e m e n t w i t h e x a c t r e s u l t s , a n d f o r p r o b l e m s w h e r e n o 
e x a c t s o l u t i o n s e x i s t t h e w r i t e r r e l i e s o n t h e a c c u r a c y o f t h e m e t h o d 
a s d e m o n s t r a t e d i n p r e v i o u s e x a m p l e s . 
E x a m p l e S e v e n . I r r o t a t i o n a l i n c o m p r e s s i b l e p o t e n t i a l f l o w s a r e 
f l o w s f o r w h i c h t h e v o r t i c i t y v e c t o r ou i s e q u a l t o z e r o 
co = V x v = 0 ( 4 . 2 6 ) 
w h e r e v i s t h e v e l o c i t y v e c t o r . A f u n c t i o n , t h e c u r l o f w h i c h i s e q u a l 
t o z e r o , c a n a l w a y s b e r e p r e s e n t e d b y t h e g r a d i e n t o f a s c a l a r f u n c t i o n 
a s shown b y t h e v e c t o r i d e n t i t y c u r l ( g r a d 0) = 0 . T h u s , t h e v e l o c i t y 
v e c t o r c a n b e w r i t t e n a s a g r a d i e n t o f a s c a l a r f u n c t i o n 0 ( x , y ) . 
v = £0 ( 4 . 2 7 ) 
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I n t h i s c o n t e x t , t h e f u n c t i o n 0 i s c a l l e d t h e v e l o c i t y p o t e n t i a l a n d be­
c a u s e o f t h e e x i s t e n c e o f t h i s p o t e n t i a l f u n c t i o n , i r r o t a t i o n a l f l o w i s 
o f t e n c a l l e d p o t e n t i a l f l o w . I f t h e f l u i d i s i n c o m p r e s s i b l e , t h e c o n ­
t i n u i t y e q u a t i o n i s 
V - v = 0 ( 4 . 2 8 ) 
T h u s , 0 m u s t a l s o s a t i s f y t h e w e l l known r e l a t i o n 
V -<V0) = 0 ( 4 . 2 9 ) 
w h i c h i s L a p l a c e ' s e q u a t i o n . I t i s a l s o known t h a t a s t r e a m f u n c t i o n 
i s r e l a t e d t o t h e v e l o c i t y p o t e n t i a l s b y 
3 x < 4 - 3 0 > 
v = - n = 7 (4-31) 
T h u s , t h e s t r e a m f u n c t i o n a l s o s a t i s f i e s L a p l a c e ' s e q u a t i o n a n d i n two 
d i m e n s i o n a l c a r t e s i a n c o o r d i n a t e s 
V-C7Y) = 0 ( 4 . 3 2 ) 
I n t h i s e x a m p l e a c y l i n d e r o f r a d i u s ( a ) i s c o n s i d e r e d w i t h u n i f o r m 
f l o w v e l o c i t y a t i n f i n i t y . A s c h e m a t i c v i e w i s g i v e n i n F i g u r e 2 0 . 
I f t h e f l o w a r o u n d t h i s c y l i n d e r i s i r r o t a t i o n a l a n d i n c o m p r e s s i b l e 
p o t e n t i a l l i n e s a n d s t r e a m l i n e s s h o u l d s a t i s f y E q u a t i o n s ( 4 . 2 9 ) a n d 
( 4 . 3 2 ) , r e s p e c t i v e l y . The p r o b l e m i s t o d e t e r m i n e t h e v e l o c i t y d i s ­
t r i b u t i o n a r o u n d t h e c y l i n d e r s u r f a c e w h e r e v » 4p£ & Ufa a n d A S a n d /\n 
d e n o t e t h e d i s t a n c e s b e t w e e n a p a i r o f a d j a c e n t e q u i p o t e n t i a l a n d s t r e a m -
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l i n e s r e s p e c t i v e l y . I n t h i s p r o b l e m t h e d i s t r i b u t i o n o f 0 a n d i|f v a l u e s 
w e r e o b t a i n e d u s i n g t h e f i n i t e e l e m e n t m e t h o d . G i v e n a = 4 . 6 m, V = 
o 
4 . 6 4 m / s e c f o r i l l u s t r a t i v e p u r p o s e s . The r e s u l t s a n d a c o m p a r i s o n w i t h 
e x a c t s o l u t i o n i s shown i n F i g u r e 2 1 . The c o m p u t e r e x e c u t i o n t i m e f o r 
t h i s p r o b l e m w a s 10 s e c o n d s . 
E x a m p l e E i g h t . E q u a t i o n ( 4 . 2 9 ) a l s o m o d e l s t h e v i s c o u s f l o w o f 
f l u i d s a t low R e y n o l d s n u m b e r s t h r o u g h h o m o g e n e o u s a n d i s o t r o p i c p o r o u s 
m e d i a . I n t h i s e x a m p l e , t h e f l o w i s a r o u n d many c y l i n d r i c a l p i l e s 
w h i c h s u p p o r t a f o u n d a t i o n . S i n c e t h e p r o b l e m c a n b e c o n s i d e r e d a s 
s y m m e t r i c a l b o t h i n f l o w d i r e c t i o n a n d i n t h e t r a n s v e r s e d i r e c t i o n , two 
r o w s o f c y l i n d e r s a r e s t u d i e d a s t h e p h y s i c a l m o d e l . 
C o n s i d e r t w o c y l i n d e r s o f r a d i u s ( a ) , t h e c e n t e r s o f w h i c h a r e 
s e p a r a t e d b y ( 3 a ) i n t h e f l o w d i r e c t i o n a n d by ( 3 a / 2 ) i n t h e t r a n s v e r s e 
d i r e c t i o n . I f t h e f l o w p a s s i n g a r o u n d t h e s e c y l i n d e r s i s i n c o m p r e s s i b l e 
t h e n t h e p o t e n t i a l l i n e s d e s c r i b i n g t h i s f l o w s h o u l d s a t i s f y E q u a t i o n 
y 
F i g u r e 2 0 . S c h e m a t i c V iew o f C y l i n d e r 
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R a d i u s , m. 
F i g u r e 2 1 . V e l o c i t y D i s t r i b u t i o n A r o u n d a C y l i n d e r 
( 4 . 2 9 ) . I f t h e p r o b l e m i s t o d e t e r m i n e t h e p o t e n t i a l l i n e c o n f i g u r a t i o n 
b e t w e e n t h e r o w s o f c y l i n d e r s , t h e f i n i t e e l e m e n t r e s u l t s c a n b e s e e n 
i n F i g u r e 2 2 . T h i s s o l u t i o n c a n b e e x t e n d e d t o f l o w s w h e r e many s u c h 
r o w s e x i s t . I d e a l i z a t i o n o f t h i s p r o b l e m w a s o b t a i n e d u s i n g 212 e l e ­
m e n t s w h i c h r e s u l t e d i n 129 n o d a l p o i n t s . C o m p u t e r e x e c u t i o n t i m e 
f o r t h i s p r o b l e m was 20 s e c o n d s . 
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F i g u r e 2 2 . P o t e n t i a l L i n e s B e t w e e n Two Rows o f C y l i n d e r s 
The p o t e n t i a l l i n e c o n f i g u r a t i o n i n F i g u r e 22 r e p r e s e n t s t h e 
r e l a t i v e m a g n i t u d e s o f v e l o c i t i e s a t v a r i o u s l o c a t i o n s b e t w e e n t h e 
c y l i n d e r s . I f t h e f l o w i s i n t h e x - d i r e c t i o n ( F i g u r e 2 2 ) , t h e d i s t a n c e 
b e t w e e n t h e p o t e n t i a l l i n e s i n c r e a s e s w i t h d e c r e a s i n g d i s t a n c e f r o m t h e 
c y l i n d e r a l o n g l i n e CB. T h i s i m p l i e s a r e d u c t i o n i n t h e v e l o c i t y w i t h 
d e c r e a s i n g d i s t a n c e f r o m t h e a p p r o a c h e d c y l i n d e r . T h u s , s t a g n a t i o n 
p o i n t s a t l o c a t i o n s B a n d maximum v e l o c i t i e s a t l o c a t i o n s A a r e i n d i c a t e d . 
E x a m p l e N i n e . H y d r o d y n a m i c l u b r i c a t i o n i s a n i m p o r t a n t p r o b l e m 
a r e a i n many e n g i n e e r i n g f i e l d s . The b a s i c p r o b l e m c a n b e r e d u c e d t o 
t h e s t u d y o f f l o w c h a r a c t e r i s t i c s o f a l i q u i d s e p a r a t i n g t w o w a l l s 
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w h i c h a r e m o v i n g r e l a t i v e t o e a c h o t h e r . The m a t h e m a t i c a l m o d e l 
d e s c r i b i n g t h i s m o d e l c a n b e s u m m a r i z e d a s f o l l o w s . 
A s e m i - i n f i n i t e b o d y o f l i q u i d w i t h c o n s t a n t d e n s i t y p a n d 
c o n s t a n t v i s c o s i t y y i s b o u n d e d b y t w o w a l l s p a r a l l e l t o x - a x i s . The 
d i s t a n c e b e t w e e n t h e w a l l s i s a c o n s t a n t , h . I n i t i a l l y , t h e f l u i d 
a n d t h e s o l i d s u r f a c e s a r e a t r e s t ; b u t a t t i m e t = 0 t h e l o w e r s o l i d 
s u r f a c e i s s e t i n m o t i o n i n t h e p o s i t i v e x - d i r e c t i o n w i t h a v e l o c i t y 
U 0 . C o n s e q u e n t l y , t h e v e l o c i t y d i s t r i b u t i o n b e t w e e n t h e s e t w o w a l l s 
i s a f u n c t i o n o f t i m e . A s s u m i n g t h a t t h e r e i s n o p r e s s u r e g r a d i e n t o r 
g r a v i t y f o r c e i n t h e x - d i r e c t i o n a n d t h a t t h e f l o w i s l a m i n a r , t h e n 
t h i s p r o b l e m o n e o f f l o w f o r m a t i o n i n C o u e t t e f l o w . The s o l u t i o n t o 
t h i s p r o b l e m c a n b e o b t a i n e d a s a n e x a c t s o l u t i o n of t h e N a v i e r - S t o k e s 
e q u a t i o n s . A s c h e m a t i c v i e w o f t h i s p r o b l e m c a n b e s e e n i n F i g u r e 2 3 . 
The p r o b l e m d e s c r i b e d a b o v e t a k e s t h e d i m e n s i o n l e s s m a t h e m a t i c a l 
1 .0 
0 . 0 
F i g u r e 2 3 . S c h e m a t i c V i e w o f U n s t e a d y C o u e t t e F l o w 
3: 
0.2 0.4 0.6 0.8 1.0 
Figure 24. Flow Formation in Couette Flow 
form below. 
3J = 3 t 
3T The dimensionless parameters are 
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w h e r e v i s t h e k i n e m a t i c v i s c o s i t y , u i s t h e v e l o c i t y i n x - d i r e c t i o n . 
The t r a n s f o r m e d b o u n d a r y c o n d i t i o n s t a k e t h e f o r m , 
I . C . : a t T = 0 0 = 0 ( 4 . 3 5 ) 
B . C. 1 : a t n = 0 0 = 1 ( 4 . 3 6 ) 
B . C . 2 : a t n = 1 0 = 0 ( 4 . 3 7 ) 
Once a g a i n , t h e a b o v e d e s c r i b e d c o n t i n u u m w a s i d e a l i z e d b y u s i n g 
2 0 0 e l e m e n t s w i t h 1 2 1 n o d a l p o i n t s . F i n i t e e l e m e n t r e s u l t s a n d a com­
p a r i s o n w i t h t h e e x a c t s o l u t i o n [ 3 7 ] c a n b e s e e n i n F i g u r e 2 4 . Com­
p u t e r e x e c u t i o n t i m e a n d p e r c e n t a g e e r r o r f o r t h i s p r o b l e m w e r e 0 . 1 4 
s e c o n d s p e r t i m e s t e p a n d a b o u t o n e p e r c e n t , r e s p e c t i v e l y . 
E x a m p l e T e n . A n o t h e r e x t e n s i o n o f t h e f i n i t e e l e m e n t m e t h o d c a n 
b e t h e s t u d y o f d i s p e r s i o n i n a p o r o u s m e d i u m . T h i s p h e n o m e n o n c a n b e 
m o d e l e d b y t h e c o n v e c t i v e d i s p e r s i o n e q u a t i o n p r e s e n t e d i n C h a p t e r I I I . 
The o n e - d i m e n s i o n a l f o r m o f t h i s e q u a t i o n i n c a r t e s i a n c o o r d i n a t e s i s 
.2. 
w h e r e 0 i s t h e c o n c e n t r a t i o n o f t h e d i s p e r s i n g m a s s , D i s t h e d i s p e r ­
s i o n c o e f f i c i e n t a n d u i s t h e s e e p a g e v e l o c i t y i n t h e x - d i r e c t i o n . 
S h a m i r a n d H a r l e m a n [ 3 5 ] s t u d i e d s t e a d y a n d u n s t e a d y p r o b l e m s o f t h i s 
t y p e i n d e t a i l a n d p r e s e n t e d a n u m e r i c a l s c h e m e f o r s o l v i n g s u c h 
p r o b l e m s . I n t h i s e x a m p l e , a t y p i c a l u n s t e a d y p r o b l e m s t u d i e d i n t h e i r 
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I m p e r v i o u s B o u n d a r y 
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T r a c e r 
I m p e r v i o u s B o u n d a r y 
F i g u r e 2 5 . L o n g i t u d i n a l D i s p e r s i o n M o d e l 
r e p o r t w a s s o l v e d b y t h e f i n i t e e l e m e n t m e t h o d . 
The p r o b l e m i s t o d e t e r m i n e t h e o n e - d i m e n s i o n a l d i s p e r s i o n o f a 
t r a c e r ( c o n c e n t r a t i o n ) i n t r o d u c e d t o t h e p o r o u s med ium a t a c o n s t a n t 
r a t e a t x = 0 cm. T h e r e i s a c o n s t a n t r a t e o f s e e p a g e i n t h e x - d i r e c t i o n , 
The v e l o c i t y d i s t r i b u t i o n i s a s s u m e d t o b e u n i f o r m i n y - d i r e c t i o n . 
I n i t i a l l y , t h e d i s t r i b u t i o n o f t h i s t r a c e r i n t h e p o r o u s m e d i u m i s z e r o . 
A s c h e m a t i c d e s c r i p t i o n o f t h i s p r o b l e m i s g i v e n i n F i g u r e 2 5 . 
The d i m e n s i o n l e s s f o r m o f t h e u n s t e a d y c o n v e c t i v e d i f f u s i o n 
e q u a t i o n i n o n e - d i m e n s i o n a l s t u d i e s i s 
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2 
2 ~ A ~ = (4.39) 
w h e r e 
» " f • « " = ^ . ^ $ (4.40) 
I n a p p l y i n g t h e n u m e r i c a l s o l u t i o n t h e f o l l o w i n g d a t a , w h i c h a r e t a k e n 
f rom t h e a b o v e r e p o r t , a r e u s e d . 
0 
F i g u r e 2 6 . C o n v e c t i v e D i f f u s i o n i n P o r o u s M e d i a 
3 0 _ 3 0 = 3J0 
3£2 3? 3T 
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0 = x =" 1.0 cm. 
u = 0 . 1 c m / s e c 
D = 0 . 0 1 c m 2 / s e c ( 4 . 4 1 ) 
T h u s t h e c o n v e c t i v e d i f f u s i o n e q u a t i o n t o b e s o l v e d a n d t h e t r a n s f o r m e d 
b o u n d a r y c o n d i t i o n s t a k e t h e f o r m 
320 i n n 80 30 ( 4 . 4 2 ) 
W -
 100 3~? = I T 
I . C. z a t T = 0 0 = 0 ( 4 . 4 3 ) 
B . C. 1 : a t g = 0 0 = 1 ( 4 . 4 4 ) 
B . C . 2 : a t £ = 1 | | = 0 ( 4 . 4 5 ) 
N u m e r i c a l r e s u l t s a n d a c o m p a r i s o n w i t h t h e e x a c t s o l u t i o n [ 3 5 ] a r e 
g i v e n i n F i g u r e 2 6 . 
A l t h o u g h t h e f i n i t e e l e m e n t r e s u l t s a r e v e r y a c c u r a t e f o r t h i s 
p a r t i c u l a r e x a m p l e , e x t r e m e c a r e s h o u l d b e g i v e n t o t h e c o e f f i c i e n t s 
a p p e a r i n g i n t h e e x p o n e n t i a l t e r m s i n t h e s o l u t i o n of t h i s t y p e o f 
p r o b l e m . V e r y l a r g e n u m b e r s a p p e a r i n g i n t h e e x p o n e n t c r e a t e t r u n c a ­
t i o n a n d r o u n d o f f e r r o r s i n c o m p u t e r c o m p u t a t i o n s w h i c h may b e s i g n i f i ­
c a n t a n d may r e s u l t i n u n s t a b l e s o l u t i o n s . T h u s , s p e c i a l c a r e s h o u l d 
be g i v e n t o p r o b l e m s i n t h i s c a t e g o r y b e f o r e f i n a l i z i n g t h e i n p u t v a l u e s 
f o r a s p e c i f i c p r o b l e m . 
I n t h i s e x a m p l e , 2 0 0 e l e m e n t s w e r e u s e d i n i d e a l i z i n g t h e c o n ­
t i n u u m g i v e n i n F i g u r e 2 5 . The c o m p u t e r e x e c u t i o n t i m e w a s 0 . 1 6 s e c o n d s 
p e r t i m e s t e p . The c o m p u t e d e r r o r f o r t h i s s o l u t i o n i s a r o u n d 2 . 0 
p e r c e n t . 
T h i s e x a m p l e w a s a c t u a l l y a l a b o r a t o r y m o d e l o f f l o w o f a c e r t a i n 
c o n c e n t r a t i o n i n a c o n f i n e d a q u i f e r . A p r a c t i c a l a p p l i c a t i o n o f t h i s 
e x a m p l e c o u l d b e t h e s t u d y o f t h e f l o w o f some c o n c e n t r a t i o n i n a c o n ­
f i n e d a q u i f e r b e t w e e n t w o r i v e r s . Of c o u r s e , t h e a p p r o p r i a t e c o n s t a n t s 
o f t h e p r o b l e m may h a v e t o b e c h a n g e d f o r a s p e c i f i c a p p l i c a t i o n . 
E x a m p l e E l e v e n . A n o t h e r e n g i n e e r i n g a p p l i c a t i o n o f t h e f i n i t e 
e l e m e n t m e t h o d c a n b e t h e s t u d y o f g r o u n d w a t e r s e e p a g e u n d e r a d a m . 
I f t h e e a r t h m a t e r i a l s a r e l a y e r e d a n d a n i s o t r o p i c , i t b e c o m e s v e r y 
d i f f i c u l t f o r a n e n g i n e e r t o e s t i m a t e t h e q u a n t i t y o f s e e p a g e p a s s i n g 
u n d e r n e a t h t h i s d a m . 
I n t h i s p r o b l e m a n a r b i t r a r i l y c o n c e p t u a l i z e d dam i s l o c a t e d on 
a l a y e r e d a n d a n i s o t r o p i c m e d i a . The p r o b l e m may b e t h e d e t e r m i n a t i o n 
of t h e e q u i p o t e n t i a l l i n e s u n d e r a c o n s t a n t h e a d . A s c h e m a t i c d e s c r i p ­
t i o n o f t h i s p r o b l e m i s g i v e n i n F i g u r e 2 7 . 
The m a t h e m a t i c a l m o d e l d e s c r i b i n g t h i s p r o b l e m i s 
w h e r e K x a n d K a r e p e r m e a b i l i t i e s o f t h e med ium i n t h e p r i n c i p a l l o c a l 
s e e p a g e d i r e c t i o n s , r e s p e c t i v e l y . 0 i n t h i s m o d e l r e p r e s e n t s t h e 
e q u i p o t e n t i a l f u n c t i o n . As t h e b o u n d a r y c o n d i t i o n s of t h e p r o b l e m , 0 
i s a s s u m e d t o v a r y f r o m 10 on t h e u p s t r e a m s i d e o f t h e dam t o 0 on t h e 
d o w n s t r e a m s i d e o f t h e dam. 
F i n i t e e l e m e n t r e s u l t s f o r t h i s p r o b l e m c a n b e s e e n on F i g u r e 2 8 . 
I n t h i s p r o b l e m , t h e c o n t i n u u m a n a l y z e d w a s i d e a l i z e d b y 2 9 7 e l e m e n t s 
a n d t h e c o m p u t e r e x e c u t i o n t i m e w a s 15 s e c o n d s . 
I m p e r v i o u s Boundary-
F i g u r e 2 7 . C o n c r e t e Dam on N o n - H o m o g e n e o u s a n d 
A n i s o t r o p i c M e d i a 
E x a m p l e T w e l v e . P a r a b o l i c e q u a t i o n s a n a l y z e d i n C h a p t e r I I c a n 
a l s o b e u t i l i z e d i n t h e s t u d y o f u n s t e a d y g r o u n d w a t e r s e e p a g e p r o b l e m s 
i n c o n f i n e d a q u i f e r s . I n t h i s e x a m p l e , t h e n o n - h o m o g e n e o u s p r o b l e m 
d e s c r i b e d i n F i g u r e 29 i s a n a l y z e d . At t i m e t < 0 t h e w a t e r s u r f a c e 
e l e v a t i o n a t t h e b o u n d a r y o n t h e l e f t i s 60 f t . A t t i m e t = 0 t h i s 
w a t e r s u r f a c e i s d r o p p e d t o 40 f t . The b o u n d a r y o n t h e r i g h t i s c o n ­
s i d e r e d t o b e a c o n s t a n t w a t e r s u r f a c e e l e v a t i o n w h i c h i s k e p t a t 60 f t 
a l l t h e t i m e . 
The p h y s i c a l p r o b l e m d e s c r i b e d a b o v e t a k e s t h e m a t h e m a t i c a l 
f o r m 
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w h e r e T i s t h e t r a n s m i s s i b i l i t y o f t h e c o n f i n e d m e d i u m a n d L i s t h e 
t o t a l l e n g t h o f t h e m e d i u m . The t r a n s f o r m e d b o u n d a r y c o n d i t i o n s a r e 
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I . C . : a t i = 0 h = 60 f t . (4.49) 
20' 
40 ' {i 111 11 i i i i i i 11 11 i i i i i i i'i ri 
5T 2T 
/ / / / / / / 
0 .3 
I I ! I I i i i l i i * 
0.4 
i i i i / n 
0.3 
F i g u r e 29. C o n f i n e d G r o u n d w a t e r S e e p a g e 
B. C . 1 : a t K = 0 h = 40 f t . (4.50) 
B. C . 2 : a t 5 = 1 h = 60 f t . (4.51) 
I f t h e n o n - h o m o g e n e o u s m e d i a i n t h e c o n f i n e d a q u i f e r i s c h a r a c t e r ­
i z e d by t h e t r a n s m i s s i b i l i t i e s i d e n t i c a l t o t h o s e d e s c r i b e d i n F i g u r e 
29, t h e n t h e u n s t e a d y d r o p o f h e a d i n t h i s a q u i f e r t a k e s t h e f o r m 
shown i n F i g u r e 30. C o m p u t e r e x e c u t i o n t i m e f o r t h i s p r o b l e m w a s 0.14 
s e c o n d s p e r t i m e s t e p . 
1 0 0 . 0 
8 0 . 0 
6 0 . 0 
4 0 . 0 
2 0 . 0 
0 . 0 
l r i r 
O N u m e r i c a l S o l u t i o n 
J L _l L J L 0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 .0 
F i g u r e 3 0 . U n s t e a d y G r o u n d w a t e r S e e p a g e i n a C o n f i n e d 




I n t h e p r e s e n t d i s s e r t a t i o n , a d e t a i l e d a n a l y s i s a n d f o r m u l a t i o n 
of t h e f i n i t e e l e m e n t m e t h o d i n a p p l i c a t i o n t o c o n t i n u u m p r o b l e m s i s 
p r e s e n t e d . The u s e o f v a r i a t i o n a l c a l c u l u s t o o b t a i n t h e m a t r i x e q u a ­
t i o n s o f t h e f i n i t e e l e m e n t a n a l y s i s i s i l l u s t r a t e d f o r p r o b l e m s w h i c h 
h a v e e x a c t v a r i a t i o n a l f o r m s . F o r p r o b l e m s w h e r e a n e x a c t v a r i a t i o n a l 
f o r m c a n n o t b e f o u n d , f o r e x a m p l e p a r a b o l i c p a r t i a l differential e q u a ­
t i o n s , t h e u s e o f G a l e r k i n ' s m e t h o d t o o b t a i n t h e f i n i t e e l e m e n t e q u a ­
t i o n s i s d e s c r i b e d . The G a l e r k i n m e t h o d e x t e n d s t h e d e v e l o p m e n t o f m a t r i x 
e q u a t i o n s o f t h e f i n i t e e l e m e n t a n a l y s i s t o many o t h e r p r o b l e m s w h i c h do 
n o t h a v e e x a c t v a r i a t i o n a l f o r m s . 
T h e e n g i n e e r i n g p r o b l e m s w h i c h h a v e b e e n i n v e s t i g a t e d a r e ; s t e a d y 
a n d u n s t e a d y h e a t t r a n s f e r p r o b l e m s , s t e a d y a n d u n s t e a d y s e e p a g e p r o b l e m s 
a n d s t e a d y a n d u n s t e a d y i n c o m p r e s s i b l e f l u i d f l o w p r o b l e m s . A l t h o u g h 
some o f t h e a b o v e m e n t i o n e d p r o b l e m s h a v e b e e n t r e a t e d b y s o l i d m e c h a n i c s 
a n d f l u i d m e c h a n i c s a n a l y s t s , a n i n t e n s i v e t r e a t m e n t o f t h e m a t h e m a t i c a l 
f o r m u l a t i o n s o f s u c h p r o b l e m s d o e s n o t e x i s t i n t h e p r e s e n t l y a v a i l a b l e 
l i t e r a t u r e . T h u s , i t i s h o p e d t h a t t h e a n a l y s i s p r e s e n t e d i n t h i s 
d i s s e r t a t i o n r e p r e s e n t s a m a j o r c o n t r i b u t i o n t o t h i s a r e a o f r e s e a r c h . 
The i n v e s t i g a t i o n o f t h e c o n v e c t i v e d i f f u s i o n p h e n o m e n o n b y t h e f i n i t e 
e l e m e n t m e t h o d i s a n a d d i t i o n a l s i g n i f i c a n t e x t e n s i o n t o f l u i d m e c h a n i c s 
l i t e r a t u r e . F o r t h i s p r o b l e m t h e u s e o f G a l e r k i n ' s m e t h o d a n d t h e d e v e l o p ­
m e n t o f t h e s p e c i f i c r e s t r i c t e d v a r i a t i o n a l f o r m u t i l i z e d t o d e r i v e 
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m a t r i x f i n i t e e l e m e n t e q u a t i o n s c o n s t i t u t e two s e p a r a t e c o n t r i b u t i o n s 
t o t h e f i e l d . 
The f i n i t e e l e m e n t m e t h o d a n d t h e p r o g r a m d e v e l o p e d f o r t h i s 
d i s s e r t a t i o n a r e n o t r e s t r i c t e d a t a l l b y t h e i r r e g u l a r g e o m e t r y , n o n -
h o m o g e n e i t y a n d a n i s o t r o p y o f p h y s i c a l p r o b l e m s . The p r o g r a m c a n h a n d l e 
D i r i c h l e t a n d / o r Neumann b o u n d a r y c o n d i t i o n s . The a u t h o r ' s e x p e r i e n c e 
h a s b e e n t h a t t h e f i n i t e e l e m e n t m e t h o d i s much e a s i e r t o a p p l y a n d t o 
p r o g r a m t h a n i s t h e c a s e w i t h t h e f i n i t e d i f f e r e n c e a n a l y s e s . M a t h e ­
m a t i c a l f o r m u l a t i o n s p r e s e n t e d i n e a r l i e r c h a p t e r s a n d t h e a b o v e m e n ­
t i o n e d g e n e r a l i t i e s c l e a r l y i n d i c a t e t h i s . I t i s known t h a t f i n i t e 
d i f f e r e n c e a n a l y s i s p r e s e n t s d i f f i c u l t i e s i n f o r m u l a t i o n a n d i n p r o ­
g r a m m i n g i f t h e s o l u t i o n o f a p r o b l e m w i t h a b o v e m e n t i o n e d g e n e r a l i t y 
i s a t t e m p t e d . 
R e s u l t s g i v e n i n C h a p t e r IV a l s o i n d i c a t e t h a t f i n i t e e l e m e n t 
a n a l y s i s i s b o t h a c c u r a t e a n d e f f i c i e n t f o r p r o b l e m s o f t h e t y p e 
a n a l y z e d h e r e . The c o m p a r i s o n s o f e x a c t s o l u t i o n s w i t h n u m e r i c a l s o l u ­
t i o n s y i e l d t h e f o l l o w i n g e r r o r p e r c e n t a g e s . F o r s t e a d y p r o b l e m s t h e 
p e r c e n t e r r o r was i n t h e r a n g e o f 0 . 4 p e r c e n t t o 1 . 0 p e r c e n t . F o r u n ­
s t e a d y p r o b l e m s t h e u p p e r l i m i t i n c r e a s e d t o 2 . 0 p e r c e n t . T h e s e p e r ­
c e n t a g e s c o u l d p o s s i b l y b e r e d u c e d I f s m a l l e r e l e m e n t s a n d s m a l l e r t i m e 
i n c r e m e n t s a r e u s e d , a l t h o u g h t h e c o s t o f s o l u t i o n i s i n c r e a s e d . The 
r e s u l t s a l s o show t h e e f f i c i e n c y o f t h e C h o l e s k y a l g o r i t h m w h i c h i s 
u t i l i z e d i n t h e s o l u t i o n of s i m u l t a n e o u s a l g e b r a i c e q u a t i o n s . F o r s t e a d y 
p r o b l e m s w i t h a p p r o x i m a t e l y 2 0 0 t o 3 0 0 e l e m e n t s , t h e e x e c u t i o n t i m e was 
13 t o 2 1 s e c o n d s . F o r u n s t e a d y p r o b l e m s w i t h t h e same n u m b e r o f e l e m e n t s 
t h e c o m p u t e r e x e c u t i o n t i m e w a s a p p r o x i m a t e l y 0 . 1 4 s e c o n d s p e r t i m e s t e p . 
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N e e d l e s s t o s a y , much c a r e s h o u l d b e g i v e n i n s e l e c t i n g a g l o b a l 
i n d e x i n g s c h e m e f o r n o d e p o i n t s s i n c e o n l y a few n u m b e r i n g s c h e m e s w i l l 
r e s u l t i n t h e min imum p o s s i b l e b a n d w i d t h o f t h e s y s t e m m a t r i c e s w h i c h 
i n t u r n a f f e c t s t h e c o m p u t e r e x e c u t i o n t i m e . The s p e c i f i c c h a r a c t e r ­
i s t i c s o f t h e s e b e s t n u m b e r i n g s c h e m e s w i l l d e p e n d on t h e n a t u r e o f t h e 
c o n t i n u u m b e i n g c o n s i d e r e d . The g e n e r a l r u l e t o b e a p p l i e d i s t o k e e p 
t h e d i f f e r e n c e s b e t w e e n t h e n o d a l n u m b e r s w i t h i n e a c h e l e m e n t a s s m a l l 
a s p o s s i b l e . 
A l t h o u g h t h e p r o g r a m i s w r i t t e n f o r t w o d i m e n s i o n a l s t u d i e s , i t 
c a n b e e x t e n d e d t o t h r e e d i m e n s i o n a l s t u d i e s ; h o w e v e r , c o m p u t e r s t o r a g e 
a n d e x e c u t i o n t i m e s w i l l b e i n c r e a s e d c o n s i d e r a b l y . The a p p l i c a t i o n s 
p r e s e n t e d h e r e a r e r e s t r i c t e d t o t h e s o l u t i o n of t h e s e l e c t e d e l l i p t i c 
a n d p a r a b o l i c p a r t i a l , d i f f e r e n t i a l e q u a t i o n s . I t i s t h e b e l i e f o f t h e 
a u t h o r t h a t t h e f i n i t e e l e m e n t m e t h o d c a n b e e q u a l l y e f f i c i e n t l y u t i l i z e d 
i n t h e s o l u t i o n o f h y p e r b o l i c p a r t i a l d i f f e r e n t i a l e q u a t i o n s a n d i s 
r e c o m m e n d e d f o r f u r t h e r s t u d y . 
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APPENDIX A 
The f o l l o w i n g h a s b e e n a d o p t e d t o r e p r e s e n t t h e p r i m a r y v a r i a b l e s : 
A = A r e a ; 
a , b , c = C o e f f i c i e n t s d e f i n e d i n E q u a t i o n ( 2 . 1 ) ; 
D = C o n s t a n t , t h e r m a l d i f f u s i v i t y , d i f f u s i o n c o e f f i c i e n t ; 
{ f } = D i s p l a c e m e n t s d u e t o d i s t r i b u t e d l o a d s ; 
I F } = Load m a t r i x ; 
I = I n t e g r a l e x p r e s s i o n ; 
K = C o n s t a n t , p e r m e a b i l i t y , c o n d u c t i v i t y ; 
K , K , K = ( x , y , z ) c o m p o n e n t s o f K; 
x y z 
N . , N . , N = D e f i n e d b y E q u a t i o n s ( 2 . 1 2 ) , ( 2 . 1 3 ) a n d ( 2 . 1 4 ) ; 
1 j K. 
L = L i n e a r d i f f e r e n t i a l o p e r a t o r ; 
p = P r e s s u r e ; 
r , z = L o c a l c y l i n d r i c a l c o o r d i n a t e s ; 
R, Z = G l o b a l c y l i n d r i c a l c o o r d i n a t e s ; 
M. = W e i g h i n g f u n c t i o n ; 
{P} = D i s t r i b u t e d l o a d s ( p e r u n i t v o l u m e ) ; 
[P ] = M a s s m a t r i x ; 
{ R } = C o n c e n t r a t e d l o a d s ; 
[S] = S t i f f n e s s m a t r i x ; 
t = T ime c o o r d i n a t e ; 
T = T e m p e r a t u r e , t r a n s m i s s i b i l i t y ; 
u = V e l o c i t y i n ( x ) d i r e c t i o n ; 
U = S t r a i n e n e r g y ; 
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x , y = L o c a l c a r t e s i a n c o o r d i n a t e s ; 
X, Y = G l o b a l c a r t e s i a n c o o r d i n a t e s ; 
v = V e l o c i t y i n ( y ) d i r e c t i o n ; 
V = V o l u m e ; 
w = P o t e n t i a l e n e r g y o f l o a d s y s t e m ; 
a , a , A = C o n s t a n t s d e f i n e d b y E q u a t i o n ( 2 . 1 0 6 ) ; 
( 3 ) = D i s p l a c e m e n t s d u e t o c o n c e n t r a t e d l o a d s ; 
6 = V a r i a t i o n , i n f i n i t e s i m a l c h a n g e ; 
V = L a p l a c i a n ; 
A = I n c r e m e n t ; 
K = D i m e n s i o n l e s s l e n g t h ; 
H = D i m e n s i o n l e s s l e n g t h ; 
Y = S p e c i f i c w e i g h t ; 
0 = D e p e n d e n t v a r i a b l e d e f i n e d b y E q u a t i o n ( 2 . 1 ) ; 
0.? 0.3 0, = N o d a l v a l u e s o f d e p e n d e n t v a r i a b l e ; 
Q = A n g l e , m e a s u r e d f r o m p o s i t i v e x - a x i s ; 
p = D e n s i t y o f f l u i d ; 
U = D y n a m i c v i s c o s i t y o f f l u i d ; 
V = K i n e m a t i c v i s c o s i t y o f f l u i d ; 
T = D i m e n s i o n l e s s t i m e ; 
W = V o r t i c i t y v e c t o r ; 
^ = S t r e a m f u n c t i o n ; 
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APPENDIX B 
VARIATIONAL PRINCIPLE FOR STEADY CONVECTIVE-DIFFUSION 
EQUATION 
The b a s i c p r o b l e m i n t h e c a l c u l u s o f v a r i a t i o n s , a s m e n t i o n e d 
b e f o r e , i s t o d e t e r m i n e a f u n c t i o n 0 s u c h t h a t a c e r t a i n d e f i n i t e 
i n t e g r a l i n v o l v i n g t h a t f u n c t i o n a n d c e r t a i n o f i t s d e r i v a t i v e s t a k e s 
on a s t a t i o n a r y v a l u e . The w e l l known E u l e r t h e o r e m o f c a l c u l u s o f 
v a r i a t i o n s s t a t e s t h a t f o r 0 t o make t h e d e f i n i t e i n t e g r a l s t a t i o n a r y 
i t s h o u l d s a t i s f y t h e E u l e r s 1 E q u a t i o n ( B . 2 ) . I n t h i s a p p e n d i x t h e 
e x i s t e n c e o f a v a r i a t i o n a l f o r m f o r s t e a d y c o n v e c t i v e - d i f f u s i o n e q u a t i o n 
w i l l b e shown u s i n g t h e E u l e r ' s t h e o r e m o f c a l c u l u s o f v a r i a t i o n s . 
A s s u m e d v a r i a t i o n a l f o r m f o r t h e c o n v e c t i v e d i f f u s i o n e q u a t i o n 
h a s t h e f o r m , 
fr _ x u _ yv 
I K 2 Y 2 K K 1 - J  [-f<gi> + -f<|f> i e x y d x < J y < B - « 
A 
One c a n v e r i f y t h i s v a r i a t i o n a l f o r m w i t h t h e a p p l i c a t i o n o f t h e E u l e r 
t h e o r e m , 
. L_ fSF ] _ rSF , = 0 ( 2) 50 1 S y lS0 j U 
x y 
w h e r e F i s t h e f u n c t i o n a l i n s i d e t h e b r a c k e t s i n E q u a t i o n ( B . l ) i n c l u d i n g 
t h e e x p o n e n t i a l t e r m a n d s u b s c r i p t ( x ) a n d ( y ) i n d i c a t e s d i f f e r e n t i a t i o n 
w i t h r e s p e c t t o ( x ) a n d ( y ) . E a c h t e r m o f E q u a t i o n ( B . 2 ) c a n b e 
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w r i t t e n a s 
3 F 
j f = 0 ( B . 3 ) 
xu y v 
|f - K | * e ^ ^ (B .4 ) 
3 0 x 3 x x 
xu y v 
T~ T-T̂ r~J = [K 7 - u — ] e y (B.5) dx 30 x 3 x A 3x x 
xu y v |f = K |4 e " " x " ^ ( B . 6 ) 
3 0 y 3 y 
y 
xu y_y_ 
|- 3 - f . = [K iif-v̂ l ( B . 7 ) 
9y 3 0 y 3 y z 3 y 
Summing t h e s e t e r m s a c c o r d i n g t o E q u a t i o n ( B . 2 ) a n d d i v i d i n g b y 
x u y v 
K K 
( e ) o n e c a n w r i t e , 
K ^ ! + K ^ | - u ^ - v ai- 0 ( B . 8 ) 
x 9 x z y 3 y ^ 3 x 3 y 
w i t h Neuman b o u n d a r y c o n d i t i o n s g i v e n a s t h e n a t u r a l b o u n d a r y c o n d i t i o n s . 
T h i s i s t h e s t e a d y c o n v e c t i v e d i f f u s i o n e q u a t i o n . T h u s i t i s shown t h a t 
i f o n e c a n f i n d a f u n c t i o n 0 w h i c h m a k e s E q u a t i o n ( B . l ) s t a t i o n a r y t h e n 
0 s h o u l d a l s o s a t i s f y t h e s t e a d y c o n v e c t i v e - d i f f u s i o n e q u a t i o n g i v e n a b o v e , 
The a u t h o r r e a l i z e s t h a t i f a v a r i a t i o n a l f o r m w h i c h d e s c r i b e s t h e p r o b l e m 
i n t h e t o t a l d o m a i n i s c o n s i d e r e d t h e n t h e a b o v e v a r i a t i o n a l f o r m i s 
r e s t r i c t e d t o h o m o g e n e o u s d o m a i n s a n d u n i f o r m f l o w p r o b l e m s . 
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APPENDIX C 
THE COMPUTER PROGRAM 
A c o m p u t e r p r o g r a m w a s w r i t t e n i n F o r t r a n IV f o r u s e w i t h t h e 
U n i v a c 1108 d i g i t a l c o m p u t e r . T h i s p r o g r a m c o n s i s t s o f s e v e n s u b r o u t i n e s 
a n d a m a i n p r o g r a m . I n d i v i d u a l f u n c t i o n s o f t h e s e p a r t s a r e e x p l a i n e d 
i n C h a p t e r I I I . C a p a c i t y o f t h i s p r o g r a m i s p r e s e n t l y l i m i t e d t o 4 0 0 
e l e m e n t s a n d 2 5 0 n o d a l p o i n t s . I n o r d e r n o t t o c o m p l i c a t e t h e p r o g r a m , 
o n l y t h e m a i n s t o r a g e o f t h e c o m p u t e r i s u t i l i z e d throughout the process. 
The c o m p u t e r p r o g r a m d e v e l o p e d f o r t h i s s t u d y c a n f i n d w i d e a p p l i ­
c a t i o n i n t h e f i e l d o f e n g i n e e r i n g , a s d e m o n s t r a t e d i n C h a p t e r I V . The 
i n p u t d a t a r e q u i r e d f o r t h e p r o g r a m a r e t h e g l o b a l c o o r d i n a t e s o f t h e 
n o d a l p o i n t s , a p p r o p r i a t e c o n s t a n t s , b o u n d a r y c o n d i t i o n s o f t h e p r o b l e m , 
a n d a s e t o f d a t a w h i c h c o u l d b e c a l l e d " e l e m e n t c o n n e c t i v i t y d a t a " . 
The l a s t s e t o f d a t a i n d i c a t e s t h e c o r r e s p o n d e n c e b e t w e e n e l e m e n t s a n d 
t h e i r r e s p e c t i v e n o d a l p o i n t s w h i c h i s n e c e s s a r y t o f o r m t h e s t i f f n e s s 
a n d m a s s m a t r i c e s p r o p e r l y . A f t e r t h i s d a t a i s i n s e r t e d , t h e p r o g r a m 
f o r m s t h e a p p r o p r i a t e m a t r i c e s a n d s o l v e s t h e r e s u l t i n g s e t o f e q u a t i o n s 
f o r t h e u n k n o w n n o d a l v a l u e s , 
A p a r t i a l l i s t i n g o f t h i s p r o g r a m i s g i v e n o n t h e f o l l o w i n g 
p a g e s . 
- H D G » P F I N I T E E L E ^ F * T •"• Y 4 L Y S I S • ' • R A L 
- F O R * I S S E V O . S H 
o o u ^ l e p r f c i - : : o n x r i n . Y r ( 3 i » s e i I , 3 j » r e 1 3 ) • p f ( 3 , 3 ) » s ( 2 5 0 , 3 0 ) 
2 » P ( 2 5 0 > 3 0 ) » R ( 2 5 0 ) » P H I ( 2 5 0 ) * D F P { 2 5 0 ) , P H I F ( 2 5 ^ ) » P H I T N ( 2 5 0 ) . » V t 2 5 * 1 
3 , T R ( 2 5 : : ) » P ~ N ( 2 5 3 5 
D I M E N S I O N X ( 2 » 2 5 0 ) , N O D E ( I» * r > 0 ) < X K ( 4 i n ) » v < ( 4 0 H ) . A L P H M 4 0 « ) , F ( 4 0 0 ) » 
2 L X ( 4 3 0 ) , V V ( 4 . 3 " ) * T K f 4 0 ( ) > N Q D D ( 3 0 ) , J C ' M 3 0 ) » N O D N ( 2 , ) , ^ C \' { 2 3 ) , 
3 N E W N ( 3 ) , X < < ( 2 5 0 ) » Y K K ( 2 5 0 ) » 1 J X ,< ( 2 5 " ' ) > V Y i < ( 2 5 ' : ) , N O O P I 1 ( 2 ( 2 5 ) , T C P H 1 { 3 = ) 
C F I N I T E E L E M E N T A N A L Y S I S 
C M U S T A F A A R A L 
3 C I T S C H O O L O F C T V I L E X C I M r E R I N G 
• 
0 * i- Mif > -if # -A if # J : K $ * # * & -H• -:f * *- -* ^ * -M- -i:- -K- -st- -jf -x- -x- -5*- -M- * -:f * -M- - ' t ^ * ^ ;i « «_ ^ ^- ^ -tf ^- -js- --r- ^. >t_ .i i_ 
C 3 M , . ' 3 ' ] / - L ^ C . v 2 / 3 R X » 0 ' R Y 
C * * # * • * • » * * • & • * • # # * * * II # 3 M M if if * ;f if if i f * W% S: 1*! # *MM A T A | 
R 3 A . ' ( 5 , 6 1 ) J [' A T A 
6 2 W R I T E ( 6 * 6 0 ) 
6 J F O R M A T t 2 6 X » - F I V I T 3 E L E M E N T v A L Y S I 3 - / 3 3 X , • " I 5 T A - A v , . A R A L - ) 
R E A D ( 5 f l j i t i v 3 , 1 c o r - : , i a x i 
R E A Q ( 5 , 2 ) N E L E M » N N O D E > N B C N » N h C C > \ £ C P H I 
I " ( I T I 3 . r 3 . 3 ) • Q T 0 4 
R E A C ( 5 , 3 ) T I , T F , T S 7 
4 C O N T I N ' J E 
3 3 I T r ( 6 , 5 ) 
' . v R i T £ . ( 6 » 6 ) 
mi T E ( 6 , 7 J I T I K E ? I C O N , I A y i 
' . ' R I T E ( 6 , 3 ) 
.'R I T E ( 6 , 9 ) N i E L E ^ » N M O n E » N 3 C N > ^ ? . C , 0 > \ B C P H I 
I F ( I T I v E . " 3 . 3 ) ... D T 3 1 2 
R I T E ( 6 , 1 0 ) 
.• A I T 3 ( 6 , 1 1 ) T I , T r . T 3 T 
1 2 C O N T I N U E 
•. R I T E ( 6 , 1 4 ! 
•. • t - ( . : , , i : ) 







. • / R I T E ( 6 * 1 3 ) ( J , >' ( 1 • J ) , V ( 2 i J ) ) 
Y R I T E ( 6 * 1 9 ) 
D O 2J L = 1 » N F L F " 
R E A D ( 5 , 2 1 ) I 9 ( N O D E ( J * I ) , J = 1 * 3 ) » X K ( I ) » Y K ( I ) » A L P H 4 ( I } , ^ ( I ) 
W R I T E ( 6 » 2 2 ) 
Y R I T F ( 6 , 2 3 ) ( ( I » ( N D C F ( J I I ) , J = 1 , 2 ) , X & ( I ) , Y < ( I ) , L P H A { I ) , F ( I ) ) , I ~ 1 
.* R I T E C 6 , 2 6 ) 
A ' R I T E ( 6 * 2 7 ) 
•:. R I T E ( 5 , 2 F ) ( ( I » J X ( I ) , V V ( I ) ) , I = 1 » N L ) 
D O 5 1 L = 3 » N N O D E 
R E A D ( 5 * 5 0 ) 1 , X K < ( I ) , Y < < ( I ) , J X ,< ( I ) , V Y £ ( I ) 
• . ' R I T E ( 6 , 5 2 ) 
A R I T E ( 6 * 5 3 ) U I * X K K ( I ) » Y < < ( I ) * I X K I I ) » V Y K ( I ) ) » I = 1 , M M O D F ) 
C C N T I N . U E 
I F ( I T I M E . E Q . . 0 ) G O T O 3 5 
R E A D I 5 , 3 1 ) ( 1 < { I ) , 1 = 1 • N F L F " ) 
A ' R I T - E ( 6 * 3 2 ) 
•: R I T F ( 6 , 3 2 ! 
>. R I T F ( 5 , 3 4 ) ( ( I , T < ( T ) ) , I = I , N E L F " ) 
R E A D ( 5 * 8 1 ) ( P H I I M C I ) » I = 1 » M N D D E ) 
R I T E ( 6 * 4 9 ) 
ZIRL T E ( 6 * 9 9 - 8 ) 
W R I T E T 6 * 9 9 6 ) ( ( I , P H I I V ( I ) 1 , 1 = 1 , ' . . ' , : T ~ I 
C O N T I N U E 
I F C D . L ; ; . 0 J 5 C T O 4 C 
D O 3 6 I = 1 * N 8 C D 
R E A Q I 5 , 3 7 ) N O D D < I I , C E ( I ) 
.-.• R I T E ( 6 , 3 8 ) 
.• R I T E ( 6 , 3 9 ) 
' . ' R I T E ( 6 * 3 7 ) ( N O D O ( I L T 3 C D { I ) » 1 = 3 * N ' P C D ) 
I F ( N § C N . E Q . C ) G O T O 4 5 _ 
D O 4 1 I - 1 , N F C N I O 
0 N • E Q • 0 ) G T C 2 ° 
I = 1 , . \ F L E V 

















R E A D { 5 » 4 2 ) ( N O D N ( J , I ) , J - 1 , 2 ) »BCN < I ) 
A'RI T E ( 6 , 4 3 ) 
' • :RITE ( 6 , 4 4 ) 
V'RI TE ( 6 , 4 2 ) ( ( ( NO.JN ( J , I ) , J = 1 , 2 ) , '• C.\ ( I ) ) , I = 1 , N I CN ) 
I F ( M S C P H I • E 0 • 0 ) GO TO 7 0 
DQ 7 1 1 = 1 , N B C P H I 
READ ( 5 , 4 2 1 ( N O P P H J ( J , I ) , J = 1 , 2 ) , 3 C P M ( I ) 
R I T E ( 6 , 4 3 ) 
R I T E ( 6 , 4 4 ) 
ft R I T E ( 6 , 4 ? ) ( { ( NODPHI ( J , I ) , J = L , 2 ) , B C P H I ( I ) ) , I = 1 , ,M - C P I I ) 
C O N T I N U E 
FORMAT ( 3 1 2 ) 
FORMAT ( 5 1 1 0 ) 
F O R M A T ( 3 F 1 G * 6 ) 
FORMAT ( L H J , 1 O X , - I N P U T D A T A - ) 
F 0 RV A T { 1HC » 1 0 X , - T T M E - , 6 X , - C O N V E C T I V - - , 6 X «• - A X I SY ' R - ' F T P V " - ) 
FORVAT ( 1 1 X , I 2 , 1 1 X , I 2 , 1 4 X » I 2 ) 
FORMAT ( 1 H , , 1 FX , - N F L E V - , 1 X̂ , - N N O D E - , 1 "NX , C LOX , - M , : C O - , IOX , - N B C P H T - ) 
2 P H I - ) 
FOR VAT ( 5 X • I 1 , 5 X , I 1 ' ) , 4 X , I 1 0 , 4 X » 1 1 0 , 5X » I 1 0 ) 
F O R " AT ( I H : . , 1 0 X , - T I N I T - , I O X , - T F I N A L - , N V , - T . S T E P - ) 
F CRMAT ( 8 X , F 1 0 « 6 , 8 X » F 1 0 « 6 , 6 X , F 1 0 » 6 ) 
FOR VAT ( 1H0 , 1 0 X , - N O D A L C O O R D I N A T E S R R.FER EN C ~ 0 T " •SLD—.L S Y S ' T F * - * 
FOR:-'AT ( 1H,. 9 1 FX , - N O D E - , 1 OX , - X C O O R D I N A T E ~ » 1 0 X » - Y COOPD I ,\ A T E - ) 
FOR. 'AT ( 1 1 C 2 F 1 0 . 3 ) 
FORMAT ( 4 X , I 1 : , 1 0 X , F 1 : . 2 , 1 2 X , F 1 N . ? ) 
FORMAT ( LHL , 1 0 X , - D A T A FOR T R I A N G U L A R E L E M E N T S • C O N S T A N T S ~;F THE PR 
20BLEV; AND E L E"' EMT C D N ' T C T I VI * V v . \ T R I X - ) 
FOR-,AT ( 4 T 1 C , 2 F 1 0 . 3 , 2 F 1 0 . 2 ) 
FDRV AT ( 1 H C , F X , - 1 - , 2 X , - N O > E ( 1 , 1 ) - , 2 X , - N C D E ( 2 , I ) - »2 X » - N O D E ( 3 , 1 ) - , 
2 7 X , - X \ - , 7 X , - Y « - , ? X , - A L P H A - , 9 X * ^ F - ) 
FORMAT ( 4 I 1 1 , 4 F 1 0 • 2 ) 
FORVAT ( 2 F 1 0 . 3 ) 
FORMAT ( 1 R 0 , - C O N V F C T I V : : C " N F T A N T ) 
FORVAT ( 1 H 0 , 9 X , - 1 - , 5 X , - . ' X - , 8 > , - V V - ) 
F . I ( 1 1 1 , 2 F 1 0 . 3 ) 
FORMAT ( 1 1 J , 4 F 1 0 • 3 ) 
o 
15 
3 2 F O R M A T ( 1 H Q , ? X , - I - , 6 :< , - X K < ( I ) - V 6 X » - Y K < ( I ) - , 6 X , - ! J X ' ( I ) - , 6 X , - V Y K ( I ) -
5 3 F O R M A T ( I 1 1 » 4 F 1 2 « 4 ) 
3 1 F O R M A T ( 8 F 1 0 . 2 ) 
3 2 F O R M A T ( 1 H 0 * - T I M S C O N S T A N T P - ) 
3 3 F O R M A T ( 1 H 3 - , 9 X I - I - , 8 X » - T < - ) 
3 4 F O R M A T ( I 1 1 » F I 0 . 2 ) 
3 7 F O R M A T ( I 1 5 , F 1 0 . 2 ) 
3 8 F O R M A T ( 1 H I , - D I R I C H L E T B O U N D A R Y C O N D I T I O N S - ) 
3 9 F O R M A T ( 1 H ' J , O X , - I - , 5 X , - 3 C ( I ) - ! 
4 2 F O R M A T ( 2 1 1 0 * F l 6 « 2 ) 
4 3 F 3 R : ' A T ( 1 H 3 • - N E U Y A F ! O C U N D A R Y C O N D I T I O N S - ) 
4 4 F O R M A T ( 1 H 5 , 4 X T - N C D E L - , 5 X » - N C D E 2 - , 5 X ( I ) - ) 
4 9 F 3 R M A T ( 1 C X , - I H I T I A L V A L 1 E S O F P H I - ) 
6 1 F O R " A T ( T 1 0 ) 
3 1 F O R M A T ( 8 D 1 0 # 2 ) 
### • IR IF IF >; IF IC IF -fc- II- -|F -RR IR IF IF A IF IF IF IF IF IF IF IF -IF JF IF IF IF IF IF IF IF * IF IF IF IF -* IF •* IF IF IF IR IF •# -F I; IF IF -V- IJ " 8 IF t -•• IF IF >F IF IF IF 
I E R = 5 . 0 
3 0 1 0 0 J = L , 3 0 
D 0 1 0 0 1 = 1 , 2 0 0 
S ( 1 , J ) = 0 . 5 D 3 
0 U ? ( I J J ) = 3 . 
D C 1 0 1 1 - 1 , 2 0 0 
C 1 I I ) = 5 . C O C 
IF IF "r IF A ^ A L 
I U 5 : = 0 
NMN = O 
0 0 2 3 0 1 1 = 1 , N E L E M 
X .< X = X < ( I I ) 
Y K Y = Y < ( I I ) 
A \ G = A L P L - A ( I I ) 
TKT = T < ( 1 1 ) 
R F = H ( I I ) 
U X X = U X ( I I ) 
V Y Y = V Y ( I I ) 
OQ 2 0 1 1 = 1 , 3 
2 0 1 NE ".' R,J ( I ) - N O D E ( I , I I ) 
C A L L SET ( NE - . 0 , X L , Y E , X ) 
C A L L E L E M ( X E I Y T » F F , X K X * Y K Y » A N G , T < T , I C C N . L T L V E $ S E » R F F '-' E , I 3 X I , J X X , Y 
2 Y Y ) DO 303 J J= 1 93 DO 3 00 J =1»3 V,M*N0DE ( J * 11 ) NN=NODE<J > I 1 ) I F ( MM.LT.Mi-; ) GO TO 33 L KK=NN-MM+] I F(MNN.GT •;•"••) GO TO 310 NN = Yv 310 CONTINUE IF(IUBW.GT.KK ) 33 T 3 3 01 I 03••' = << IF(IU1W.LT.301 GO TO V) 1 v'R ITE( 6*302 ) GO TO 1000 301 CONTINUE $(MV»K.  )= 3 ( W,SN ) + 3E ( J, Jo 1 IF I IT I 3 • E Q • 0 ) G 0 TO 3 03 P ( K! i » K  > = P (<<>+riE ( J, JJ ) 300 CONTINUE 50 3 33 J=] T3 IL = • 13 J E ( J , I I ) 303 R ( LL ) e-g ( LL ] +RE ( J ) 2 00 CONTINUE IF( I CON.3 3.0) GO TO 199 GAL  CINTEJ(XKK >Y<KvUXK»VV',MNODE , X,3 EP ) 199 CONTINUE • R I T 3 ( 6 j 3 1 1 ) ."R IT E { 6 * 3 12 ) NN » I Uo.v CAL  30NO ( NBC.N »NcJCD»bCN t &C 3 >N03 3 » NwOO » 5 * R , X » I' '0'- , NMODE » I AX I j N->CPri I 2Ht»NODPHl,bCPHl ) I F ( I T I ,"iE • F0 • 1 ) 30 TO 939 CAL  J Or' ( NN , I CCL »S»IER ) IF (Î .rp.D 00 TO 1-33 CAL  53AMD (* INN , IU3 •', 3 ,R,PH1 ) •RITE (6,c9") N'RITE(6»998 ) 
DO ?97 I=1>NNN 997 -'RITE ( 6 » 996 ) I »3H I I I ) GO TO 1CJ0 99 9 CONTINUE TCONT = TI + TST DO 500 1=1>MNN DO 500 J=l * IDE ! 500 S ( I , J ) = ( ( P ( I , J ) * 2 , C / T ' T ) + S ( I * J ) ) CAL  DC8 ( MN  » I U3\M , ~ » I ER ) If7 ( IE R • E 0 . 1 ) GO TO 1 9 00 501 CONTINUE DO 6QC IT=1»5C CAL  VEC (NNN, I J• ,P,PMIPI,V) DO 502 1=1>NNN 502 TR( I ) = R(I) •M2«0*V(Il/TST) CAL  S8AND (NNN >IU8W »5 »TR•RBN) )0 503 1=1>NNN 503 PHITN(I) = 2.G*RSN(I)- PHI IN(I) IF{IT.EQ.5C ) 00 TO 601 600 TCONT * TCONT + TST 6G1 CONTINUE •,'RITE(6 » 510) TCONT IF(ICON.EQ.0) GO TO 60.2 DO 60 3 1=1 9NNN P H I F ! I ) = P H I I N ( I) / J:"" ? ( I ) 603 FRITE(6 »511 ) I ,PHIF( I ) GO TO 5 9 9 602 CONTINUE DO 512 1 = 1 »N.N 512 ARITF(6,511) I,PHI IN(I ) 59 7 CONTINUE TCONT = TCCNT+TST IF(TCONT-TF) 501»501»1000 1̂-0:0 CONTI NUE JOATA=JDATÂl IF (JDATA.EQ.O) CiO TO 1001 GO TO 6 2 1 - 01 CONTINUE 
302 FORMAT ( 19X »-ER?CR» I Ĵ -' C-T 30* CHANC-F ELEMENT LOCATIONS-) 
311 FOR'-'AT ( lh';,l̂X ,-F'.;'.:-,1:;Y 312 FOR"AT t 2113) 31 J FORVAT(1 OX »-VALUES 3F PHI A T TIME =-,rb.4) -11 FORMAT(4(16»D20.10) 990 FOR". AT ( lhl ,-SOL.OT ION > VALUES OF Phi-) 998 FOROAT (1H ~ >13 X * -I -»1F X >-PHI { I )-) 996 FORMAT (12 :»020.10) STOP END SUB-RO JT I NF C I MT E 3 ( XVs< , Y'<< »UXK»VY<» IS N 3DE»X»DEP ) ,0?'. '•• LE PRECISION >̂(2F0) DIMENSION X < < ( 2 5 C ) , Y < < ( 2 b " I s U X K ( 2 F S ) , V Y K ( 2 7: 01: j , X ( 2 , 2 f / ) >0 1 I=1,NNCDE IF(Y< K( I ) ) 3,2,3 3 DfP( I )="F XP( (-X( 1 * 1 ) * U X < ( I ) )/(2*X KK( I ) ) + (-X( ? , I ) *VY<( I ) )/(2*Y < < ( I ) ) 2 ) ) 
0 0 TO 1 2 !.-Ep (i) = oExP (i -x (i»i) * O X K (i)) / (zmKt ( I ) ) ) 1 CONTINUE RETURN END SUBROUTINE VFC(NNN , 1U 0 .0.0,0) DOUBLE PRECISIFN D(250*3n)»E(250)»G(250) DC 1 I-UNNN 
1 0(1) =0.0 D 0 DC 2 1 = 1 »NNN DO 2 0=1,IUBW < =1+0-1 IF(K.oT.NNN) OO F : 2 0(1) =0(1) -K ( I > J ) *E ( K ) 2 CONTINUE 
D O 3 < = VN  , 2 , -1 FN'- =<-l 
D;C 4 " = 2, rue • 
G (K.) =0 ( ) +i ( ̂ '*', ) «"E ( K ' ) 
lc(<""'.LT.l) 3C T3 3 4 CONTINUE 3 CONTINUE RETURN END SUBROUTINE 3rT (N»XE»YE»X) 0CU.5LF PRECISION X-(3),YE(3) 0OU3LE PRECISION 3RX.CRY DIMENSION N ( 3 ) ,X ( 2 , 2 5 : ) 
common/Block2/ orx »ory OPX = 0. 3 CRY=0.  DO 100 1=1,3 U = N ( I I 0RXsORX + X ( 1 , U) 10*) 0RY = C O:' + X ( 2 ,U ) CRX-ORX/3.C 0RY=0RY/3.0 u 0 2 J 0 I - 1 , 3 J=N ( I ) X 3 ( I ) = X(1»J)-ORX 2 .... YE C I ) = X ( 2 , J ) - OR Y RETURN END SUBROUT I MF ELE- ( X E , Y E , F F , X K X , YK V ,N 3 , T'-: T , I C < 3 . I T I v-7 ( ̂  . r , 2 I AX I »UXXtVYY) ' OJcLE PR PC I 0 1 3N Si ( 3 , 3 ) , R: j 3 ) , P k ( 3 , 3 ) , X L ( J ) , Y E ( 3 1 , •• ( ;),:(.: 1 > C ( 3 ) » X ( 3 1 , 
2 X ( 3 ) , Y ( 3 ) DOUBLE PRECISION AR E A , SO VX 2 , SUMX Y , St \:-'v 2 COMMON/BLOCK2/ ORX»ORY . ~ loo 1 = 1 , 3 X ( I ) = XE f l\ *DCOS ( 0*017453*ANG J+YE ( I )*OS I N ( ? . H 1 74 51 * Nr. ) 
1 J O Y ( I ) = -XE ( I ) *r•*= I N ( J . J 1 7 4 5 3 f t ' ! 3 " ) + Y E { I ) * i") 0 0 3 ( 6* P 1 ?%S 3'̂  A'Hi £ ) ARE A«DAf? 3 ( ( ( X [ g ) &\ ( 5 ) -v ( 3 ) -X ( ? J ) - ( > ( 1 ) *¥ ( 3 )-x ( 3 ) I 1 ) j + ( X ( 1 ) * Y ( 2 I -2 X I 2 ) * Y ( 1 ) ) ) * : . 3 ) 
M l ) = ( X ( 2 ) ti v ( g ) - x ( 3 ) - 3 ( 2 ) ) / ( 2 - * A - - '- ) 3(2) = ( X ! 3 ) * Y ( 1 ) - X ( 1 ) *Y ( i ))/(?. * A R E ) 
A ( 3 5 
3 ( 1 ) 
B ( 2 ) 
• 3 ( 3 ) 
C ( 1 ) 
C ( 2 ) 
C ( 3 ) 
X ( 1 ) * Y ( 2 ) - X ( 2 ) * V I 1 ) 
= ( 
1 A L 
1 4 0 
1 . ? 
13 3 
= { 
C O N T I N U E 
S U M X 2 = 0 * 
S U M X Y = 0 . 
$ U M Y 2 = T > . 
D O 1 4 0 K 
S U M X 2 = 
S J M X Y = 
S U M Y 2 = 
D O 1 5 0 U 
0 0 1 5 3 I 
S E ( I , U ) = 
P E ( I » J ) = 
1 3 ( I A X I . 
S E ( I , J ) = 
2 0 R X * A R fc. A 
G O T O 1 3 
C O N T I N U E 
I F ( I C 0 N • 
I F ( Y < Y ) 
C O N T I N U E 
S E ( I , U ) = 
2 ) + A ( J ) * 3 
3 - V Y Y ) / ( 4 
4 C ( I ) ) - S O 
G O T O 1 3 
C O N T I N O 3 
0 3 ( 1 , 0 ) = 
2 ) + A ( J ) * B 
4 0 ( 1 ) ) * S U 
Y ( 2 ) • 
Y ( 3 ) • 
Y D ) • 
X ( 3 ) • 
X ( 1 ) 




= 1 , 3 
S U N X 2 
S U M X Y 
S U M Y 2 
= 1 , 3 
= 1 , 3 
0 , 0 0 0 
3 , 0 0 3 
E Q . O ) 
Y ( 3 1 ) / ( 2 . * A R L A 
Y ( 1 ) ) / ( 2 . * A R E A 
Y ( 2 ) ) / ! 2 • * A R 5 A 
X ( 2 ) ) / ( 2 • * A R E & 
X ( 3 ) ) / ( 2 • * A R E A 
X ( 1 ) ) / ( 2 . * A R E A 
/ ( 2 • * Af?-
X ( K ) * X ( K ) 
X ( K ) * Y ( K ) 
Y ( K ) * Y ( K ) 
3 0 T ^ 1 ? 9 
S E " ( I , U ) + ( 3 . 2 8 3 1 6 5 3 * ( ( X K X * 5 ( I ) * B ( J ) ) + ( Y < Y * R ( I ) *C ( . 
E O . G ) G O T O 1 3 7 
1 3 3 , 1 3 6 , 1 3 5 
S E ( I , J ) + ( ( X < X * . J ( I ) *H I 0 ) ) 
( I ) ) + ( V Y Y / 2 ) * ( A ( I ) * C ( J H 
* Y K Y ) ) * ( ( A ( I ) * A ( J ) ) + '( 2 ( I 
+ ( v < 
A t I I 
M X Y / 1 2 ) + 
) * d ( 
I ) * < ( J J * S U I V I Y ^ / U I 
Y * C 
J ) * 
I i * 
( 1 ) 
( ) ) 




( U J ) + ( 
( J X X •* : J 
/ I 2 ) + \ 
S E ( I , J ) + ( ( X \ X > - : - I I ) * D ( J I ) 
( I ) ) + ( V Y Y / 2 ) * ( A ( 1 ) * C ( J ) + 
) * ( ( A ( I ) * A ( J ) ) + ( R ( [ 
M X Y / 1 2 ) + ( C { ; ) > 0 ( J I * S U . M Y 2 
A ( J 
) * Q ( J ) * 
/ 1 2 ) ) ) * 
I 1 ) ) 
3 U 
9 R : 
( l. • X X *!. 
U X Y / 2 > • 
X X ) / T I 
( D I I ) " ( 
U X X / 2 I " 
K X ) / I •+ • 
GO TO 138 
137 CONTINUE S£( I » J) = 5 L ( I , J ) + ( ( X < X ( i ) # - ( j j ) f ( v < y ( I } * ; ( j ) ) ) j*h | 138 CONTINUE IT ( IT I"F.:.r. 3.3 ) DO T3 15Z I P ( I AX I .EG .0) GO TC 149 PE ( I » J ) = P L ( I « J ) + ( ( T % T -•<-A -. •'  >•-OtfX*6• 2531 S- •)/],:.) * t i 1" . *• -\ i I * M J i I -2 ( & I I ) *® < 0 ) *| t IX 2 ) * I ! - ( I ) *C ( J ) + •. ( J ) *C I 1 ) ) * 3sU • " ) ) T i u l ! " n j i " ji •! i - 1 i 00 TO 130 149 CONTINUE ?F{ I , j ) = :̂(I,J)t(([<T̂ V.'; ;|/l?,)*([l?(-*AlI)xA|j)) + |n|I|t̂ |j) î'. 2X2 ) + ( i 3 ( I > *C (J ) + B ( J ) *C ( I} 1 i'<' x v ) + I C ( I ) *C ( 0 J * '• Vv 2 ) ) 15w CON UNO-0 3 16 3 < = 1 , 3 16 5 R L(\) = FF*AREA/3.3 RETURN 
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